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Abstract. Let K C Y he a. knot in a three manifold which admits a longitude- 
framed surgery such that the surgered manifold has first Betti number greater than 
that of Y. We find a formula which computes the twisted Floer homology of the 
surgered manifold, in terms of twisted knot Floer homology. Using this, we compute 
the twisted Heegaard Floer homology HF^ of the mapping torus of a diffeomorphism 
of a closed Riemann surface whose mapping class is periodic, giving an almost complete 
description of the structure of these groups. When the mapping class is nontrivial, we 
fSJ find in particular that in the "second-to-highest" Spin*^ structure, this is isomorphic to 

a free module (over a certain ring) whose rank is equal to the Lefschetz number of the 

diffeomorphism. After taking a tensor product with Z/2Z, this agrees precisely with 

the symplectic Floer homology of the diffeomorphism, as calculated by Gautschi. 

o 

"j^ 1. Introduction 

S Since its introduction in the 1980's, Floer homology has become a vast subject, its 

many variants proving useful to problems all over geometry and topology. In three 

^-H manifold topology and knot theory, Heegaard Floer homology has been particularly 

successful. It has, for example, been applied to questions of unknotting numbers, lens 
space surgeries, and fiberedness of knots and manifolds; and it has strong connections 
with Seiberg-Witten theory and Khovanov homology. There are also connections with 
the symplectic Floer homology that it initially grew out of, but these are perhaps slightly 

O less developed. 

The main motivating purpose of this paper is to furnish one connection: for a periodic 
orientation-preserving diffeomorphism of a closed Riemann surface T, of genus g-£, 
we compute the twisted coefficient Heegaard Floer homology of its mapping torus, and 

• ^ compare this with the symplectic Floer homology of 0. We find that the "second-to- 

^ highest level" of the twisted Floer homology is Z^^*^) tensored with a certain module 

depending only on the genera of S and of the underlying surface of the quotient orbifold 
of S by the action of cj), where A denotes Lefschetz number. (Here, "nth-to-highest level" 
means the direct sum of the twisted Floer homologies for those Spin'^ structures t for 
which (ci(t), S) = 2n — 2gY.-) This matches with the computation of the symplectic Floer 
homology of (f) over Z2, which is computed in [1] to be l!^'^^ . In fact, this computation is 
part of a wider pattern encompassing all the levels of the homology, which is described 
in Theorem 1 
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Before detailing our results, we review some facts about Seifert fibered spaces and 
the mapping tori in question. The following is described in [19]. The mapping torus 
of any periodic, orientation-preserving diffeomorphism of a closed Riemann surface is 
an orientable Seifert fibered space with orientable base orbifold, of degree 0. The latter 
specification is equivalent to saying that the space itself has odd first Betti number. In 
fact, any Seifert fibered space of this type can be realized as a mapping torus for such a 
diffeomorphism . 

Any oriented Seifert fibered space orientable base can be realized also as a surgery on a 
connect sum of knots of the following two types. First, on the Borromean rings, perform 
0-surgery on two of the components; then the third component is the Borromean knot 
Bi C if^S^ X S*^, and we write Bg for the 5-fold connect sum of copies of Bi. Second, on 



the Hopf link, perform surgery with coefficient —p/q on one component; then the other 
component is the 0-knot Op^q C L{p,q). We always assume that < q < p and that p 
and q are relatively prime. Let K = Bg#-^^^Op^^g^ CY = #f^^#^S^ x S^#'l^^L{pe,qe). 
Then if 



K admits a longitude A (unique up to isotopy) such that A-framed surgery on K yields 
a manifold Yx{K) with odd Betti number, which is therefore a mapping torus of the 
type we are interested in. The base orbifold will have genus g, and the genus of the 
Riemann surface being mapped will be given by 



where d is the order of K in Hi(Y). It is not hard to see that d is the least common 
multiple of the p£ values. 

We can take a Seifert surface for dK in Y, and then cap this off in the obvious manner 
in Yx(K) (hereafter denoted as Yq) to get an element [dS] G H2(Yq). Such an element 
will not be unique, but all results that make reference to this class are true for all such 
choices. 

We now explain our main results more precisely. For Yq as above, we compute 
HF ~^(Yo), where the underscore denotes totally twisted coefficients (as described in 
Section 8 of [H]). First, let us describe HF^ {Yq) crudely, neglecting some of the finer 
structure (e.g. [/-actions, relative gradings). 

Let /i be a meridian of thought of as an element of Hi{Yq). If to is a Spin*^ structure 
on Yq for which ci(to) goes to an element of Q • PD[^] in H'^iYQ]<[^)^ we say that to is 
fi-torsion. Let /iTk denote the set of //-torsion elements of Spin'^(lo)- 

For D, E £ Z, let M{D, E) denote the number of solutions («i, . . . , z„) to the equation 



n 





n 



E 




for which < < P£ for all i. 
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The wider pattern alluded to above is given by the following. 

Theorem 1.1. There are groups 0,^(k), which depend only on k and g (and not on 
Yq), and which are trivial for k < 1 and k > 2g — 1, such that the following holds. For 
< i < 5s - 2, let 

HF+ {Yo,[-i]) = HF+iYo,t), 

[ief^rK\{ci{t),[ds])=2(gs~i~i)} 

where the summands are thought of as ungraded 7j[H^ {YQ)]-modules (and we forget about 
the U-action). Then we have a short exact sequence 

0^ ^0(^^(^))''"'j ®z[r,T-^] HF+ {Yo,[-i]) ^z°^ ®z[T,r-i] ^0 

where 

a,= Y, max{0, -D, L^— }-J^{D, i) 

and 

hi,k = AA(/c - g,i), 

where T G 'L[H^{Yq)\ represents the Poincare dual of a fiber ofY^ thought of as a mapping 
torus. If we consider the terms of the above sequence only as abelian groups rather than 
as 'L[H^{YQ)\-modules, then the sequence splits. 

Together with conjugation invariance, this describes HF ^ for all those Spin'^ structures 
where it is non-trivial, aside from the torsion ones. In fact, the same description works 
for the torsion structures, with i = g-£ — 1, except that there is an extra summand, T+, 
which is described below. 

The following Corollary gives the mentioned connection with symplectic Floer homol- 
ogy- 

Corollary 1.2. Let (p : T, ^ T, be a periodic diffeomorphism of a closed Riemann surface, 
whose mapping class is not trivial. Let its mapping torus be Yq, and set R = ^^[H^iYQ)]. 
Then, as R-modules, 

i££*(%Hi)^{;^V 'r\ 

where A denotes Lefschetz number. Furthermore, we have: the U-action is trivial in 
each; for i = 1, each copy of R lies in a different Spin'^ structure, and each copy of R is 
supported in a single relative Z-grading; and if T represents the Poincare dual of a fiber 
in R, then T lowers this relative grading by 2d{g-E — 1 — i). 

We extend this to result to the third-to-highest level in Section 9. In particular, it is 
expected that this level is related to the periodic Floer homology developed by Hutchings 
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On a different front, it is also interesting to compare the wider structure of Theorem 
with the computations of [5], which tackles the analogous computation for Seiberg- 
Witten-Floer homology and finds results that have at least some similarity to ours. On 
yet another front, in [20 and [21 , computations of perturbed Floer homology - that is, 
Heegaard Floer homology with a special type of twisted coefficients - are carried out for 
some mapping tori, including x Sg. 



The groups 17^ (/c) are given, in Definition 8.5 in terms of the twisted filtered chain 
complex of Bg. We do not describe the structure of these groups explicitly, leaving them 
as mystery subgroups. We would like a better description of them, but their presence 
ends up as only a minor distraction here. In many instances, they don't show up at 



all: when we look at a mapping torus with first Betti number 1; in Corollary 1.2 and 
generally, in many relative grading levels of any space of the type we examine. 

Now, we describe the full structure of HF ~^ (Yq) (to the extent that we can), from 



which we extract Theorem 1.1 and Corollary |1.2[ To do this, we have to introduce some 
machinery. 

First, we introduce some notation to keep track of /x-torsion Spin'^ structures. Define 

n 

MTk = Z X ^Z/piZ. 

e=i 

We write elements of MTk as pairs (Q; ri, . . . , r„), where is an integer satisfying 
< < pi — 1; we usually shorten this and just write elements as {Q;r) (with r 
understood as denoting an n-tuple), or simply as A. Let 



(1) 



Si{Q;r) = j2(l-^)+2(Q + j2'A 

ti\ PiJ \ tin J 



Define an equivalence relation ~ on AiTx, by setting {Q;r) ~ {Q';r') if and only if 
S£{Q;r) = Si{Q';r') and r and r' descend to the same element of the quotient group 
(0£=i ^M^) /^(Qi © . . . © gn). Then, let 

MTk = MTk/ ~; 

we write equivalence classes as [A] . The function S£ obviously extends to MTk , as does 
the function e : MTk Q given by 

e{A)=g,,-l-^-S£{A). 

Lemma 1.3. There is a bijective map 

9k : MT K ^ ^j-Tk, 

which satisfies 

(2) sm) = jj^imm^ 

for [A] 6 MTk. 
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Next, to describe our answers neatly, we use (a slightly altered version of) the concept 
of wells introduced in based on ideas in [6] and [9]. In our version, for a function 
H : Z and an odd integer n, we define a well at height n for to be a pair of 

integers (i, j), i < j, which satisfy n < H{i), n < H{j), and n > H{s) for < s < j—^- 
We also write such a pair as {i,j)n to denote the height of the well. Let Wn{H) be the 
set of wells at height n for H; and let Wn(-ff) be the free abelian group generated by 
Wn{H). Then we define 

We write {i',j')n-2 < {i,j)n if {i',j')n-2 e Wn-2{H) and i < i' < f < j. Then we can 
define an action of U on W*(-ff) by 

U-{i,j)n= J2 

{w£W„-2(H)\w<{i,j)„} 

and extending linearly. The movitation for the name "wells" can be seen by plotting the 
graph of H. We endow W^{H) with the Z-grading given by height. 

The well functions we need are given as follows. For A £ MTk, we define a function 



where the curly braces denote fractional part, {x} = x — [x\. We then define a function 
Ga : 5Z ^ Z by 

Ga(0) = 1, 
= - 1) + 2r]A{x) for x G Z, 

Ga + = ^ (Ga(x) + Ga(x + 1)) for X E Z. 

Finally, define Fa ■ ^Z ^ Z by 

g, x e h + Ij 



The function Fa, very roughly, describes relative gradings of certain elements in a certain 
set of chain complexes, this set being parametrized by x. 

Recall that T^^ denotes the Z[f7]-module Z[?7, C/~^]/C/ • Z[J7], equipped with a Z- 

grading so that {7^* lies in level s + 2i for i > 0. 
Theorem 1.4. For A £ MT k, let 

Bs{Fa)= n^(FA{p + \)-FA{p)\ 

{peZ|FA(p+|)=s+i} 

and let B^{Fa) = Bs{Fa) (where Q^(k) is the group from the statement of Theorem 

Equip this group with trivial U -action. Let 6a £ 2Z U {00} be the least even upper 
bound of the function Fa- 
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Then, if to = 6k{[A]) is ^-torsion, the relative Z-grading on HF ^ (Y(),i()) lifts to an 
absolute I^-grading, such that there are short exact seqeunces of graded 'Z[H^{Yq)] 07j[U]- 
modules 

^ B,{Fa) e r+^) ^ HF_+{Yo, to) ^ W.(F4) ^ 

if bA ^ anc? 

^ B,{Fa) ^ HF+{Yo, to) ^ W,{Fa) ^ 

^/ = oo; and otherwise HF ^(Yo, to) is trivial. Furthermore, bA oo precisely when 
^^^([^4]) is torsion. 

The function Fa is the sum of a periodic function with a linear one. If we think of Yq 
as a mapping torus, and T G Z[i7^(yo)] represents the Poincare dual of a fiber, then T 
acts on W^:{Fa) by moving a well to the corresponding one a period to the right. 

The short exact sequences above are not necessarily spht over Z[/7^(yo)] '^[U], but 
we have the fohowing. 

Corollary 1.5. //Yq is the mapping torus of a periodic difjeomorphism, then HF^(Yq) 
contains no torsion as an abelian group; and so the short exact sequences of Theorem 
are split over Z[C/]. In particular, HF ^(S^ x S^) contains no torsion as a group. 



1. 



This corohary is also to be compared with [3,, where it is found that HF^{S^ x Tig) 
contains torsion for large enough g. 



Together with the results of [2], Theorem 1.4 in a sense completes the calculation 
of the Heegaard Floer homology of Seifert-fibered spaces. The qualification comes from 
two sources: the fact that we don't describe the subgroups Q3{k) explicitly, and the fact 
that by "the calculation of Heegaard Floer homology" , we mean the calculation of one 
of HF+ or HF+. 



Theorem 1.4 is shown using a twisted surgery formula, akin to the formulas of |T7] 
and [H]. Before outlining the formula, we say a brief word about our use of twisted 
coefficients. Both our formula and those of [T7] and [13] come about by relating knot 
Floer homology of a knot with the cobordism maps induced by attaching a two-handle 
along the knot, eventually arriving at the Floer homology of a three-manifold obtained 
by surgery along the knot. The twisted coefficient setting is useful for sorting out how 
the cobordism-induced maps break down into summands for each Spin*^ structure on the 
cobordism, especially when we have surgeries that raise the first Betti number, as we 
encounter here. Indeed, an untwisted version of the formula we use, if it exists, would 
likely be much less user-friendly. 

We now give a quick description of the formula, which computes HF ^(Y\(K), to) when 
A is a longitude of K such that bi{Yx{K)) = bi{Y) + 1, and to is /x-torsion with respect 
to the meridian ^ oi K (i.e., ci(to) goes to an element of Q • PD[/i] in H'^{Y\{K);'[^)). 
Consider the two handle cobordism Wq obtained by attaching a A-framed 2-handle to K. 
Let t^ G Spin^(y) be some Spin'^ structure cobordant to to, and let t^ be t[^ — iPD[i('] 
for i G Z. If d is the order of K in Hi{Y), then t^'^ will be the same as t^, but we 
nonetheless treat them as distinct in what follows. 
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We recall that there is a notion of relative Spin'^ structures on (Y, K), which we denote 
by Sp'm^{Y, K); there is a natural map Gk '■ Spm'^{Y,K) — > Spin'^(y), whose fibers are 
the orbits of a Z-PD[;u] action on Spin^(y, K). To each relative Spin'^ structure ^ we may 
associate the group CFK°°(Y,K,^), which is generated over Z by elements of the form 
[x, where x is a generator of CF (Y, i, j are integers, required to satisfy a 

certain condition which depends on x. Then, as a group, CFK {i > or j > 0}(y, i^, ^) 
is generated by elements of the form [x, i, j] r, where [x, is one of the generators of 
CFK°^(Y, K, ^) for which i > or j > 0, and r is an element of the group ring Z[i?^(y)] . 
The differential is analogous to that used in ordinary twisted Floer homology. We give 
more detail in Section 5. 

There is a chain map 

: CFK{i > or J > 0}{Y, K, ^ CF+ {Y, Gk{0) , 

which simply takes the generator [x, r to [x, i] ® r. There is also a map 

: CFK{i > or j > 0}{Y, K, ^ CT+ {Y, Gk{0 " PD[^]) , 

which takes the generator [x, ® r to [x, j] (gi r, the latter now belonging to the same 
Heegaard diagram but with different basepoint (and hence representing a different Spin'^ 
structure). 

Theorem 1.6. Let K,X, and to be as above. There are elements G Spin'^iY,K) for 
each i ^'L such that Gxi^i) = i^, Ci+d = Ci; ^^'^ -^o ihat the following holds. Let 

/+ : ®CFK{i >Oorj> 0}iY,K,C^) - ^CF+{Y,U) 

be the map given by the direct sum of the maps v^^ and h^. over all i, where each and 
is treated as distinct, and v^. and h^. are considered to take summand i on the left to 
summands i and i + 1 on the right, respectively. Then, there is a quasi-isomorphism from 
M(/^^) to CF ~^iY(), if)), where M denotes the mapping cone. Furthermore, M{f~^^) 
admits a relative Z-grading and a U-action which the quasi-isomorphism respects. 



We give a more precise version of the formula in Theorem 6.1 In particular, we will 
describe the structures precisely. We believe that the details of [TT can be mimiced 
along the lines of this paper, to get a twisted surgery formula that applies when A is an 
arbitrary longitude, but we don't undertake this herein. 

At least at the level of concept, twisted knot Floer homology is a more or less straight- 
forward combination of twisted Floer homology and untwisted knot Floer homology. For 
this reason, twisted knot Floer homology has already been used in, for example, [4^ and 
j7], despite having had only the barest of definitions written down (as far as the au- 
thor can tell). As we rely on this more extensively, and for fairly delicate computations 
leading to Theorem |1.4[ we give a slightly fuller treatment here. 



1.1. Organization. In Section 2, we introduce special Heegaard diagrams that we use 
throughout, and treat relative Spin'^ structures. We put some of the more tedious results 
of this section in Appendix A. In Section 3, we make some observations about certain 
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triangles in our diagrams, and the Spin'^ structures they represent. In Section 4, we 
prove a twisted coefficient long exact sequence. In Section 5, we introduce twisted knot 
Floer homology, and give analogues of the large N surgeries formula and the Kiinneth 
formula. In Section 6, we state and prove the twisted surgery formula. In Section 7, we 
make basic computations for the Borromean knots and 0-knots, reducing the work for 
Theorem 1.4 to algebra, which is then carried out in Section 8. We prove Theorem |1.1| 



and Corollary 1.2 in Section 9. Examples are presented in Section 10. 



1.2. Acknowledgement. I would like to thank my advisor, Peter Ozsvath, for suggest- 
ing this problem, for his guidance and support during the preparation of this paper, and 
for his generosity of time and patience with me as a student. 

2. Standard Heegaard Diagrams and Relative Spin*^ Structures 

We introduce a special type of Heegaard diagram associated to a knot in a three 
manifold. We make reference to these diagrams when we develop twisted knot Floer 
homology, and when we prove the long exact sequence of Section 4. In the present 
section, we also use these to solidify a connection between relative Spin'^ structures on a 
knot complement and Spin'^ structures on a cobordism gotten by attaching a two-handle 
to the knot. 

Throughout this paper, all knots we consider are oriented rationally nuUhomologous 
knots K C Y, always implicitly equipped with a distinguished longitude A. When K 
and A are understood, we henceforth write Yq for Yx{K), and more generally Y^- for 
Yn^.+x{K). 

Much of what we say will be applicable to all such knots, but the main results concern 
knots of the following type. 

Definition 2.1. If an oriented rationally nuUhomologous knot K C Y admits a longitude 
A satisfying bi(Y\{K)) = 6i(y)-|-l, then we call the knot (and the distinguished longitude) 
special. 

The reason that we tend to not explicitly mention longitudes lies in the fact that 
any knot admits at most one special longitude, so that for special knots the choice of 
longitude is canonical. 

2.1. Standard Heegaard diagrams and cobordisms. For an (oriented rationally 
nuUhomologous) knot K cY and a positive integer N, we can form a weakly admissable, 
doubly pointed Heegaard quadruple (S, a, (3, 7, S, w, z) on a genus g Riemann surface S 
such that Yap = Iq) = ^7V) and Y^s = Y , and such that (S, a, 8, w, z) is a Heegaard 
diagram for {Y,K). We restrict attention to certain diagrams. 

Definition 2.2. Suppose that we have a weakly admissable, doubly pointed Heegaard 
quadruple as above, for which the following holds. A portion of the diagram can be 
drawn as in Figure 1, which takes place in a punctured torus. Also, the vertically- drawn 
curve 5g is a meridian for K; the curve (5g, oriented as shown, is a special longitude for 
K; the points w and z flank Sg as shown, with w on the left. Finally, the (3, 7 and 6 
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Figure 1. Local picture of a standard diagram inside a punctured torus 
region, where the sides of the rectangle are identified in the usual way, 
and the dashed circle represents the puncture. The red curves are strands 
of a circles. We supply 7^ and bg with orientations for later reference. 
The winding region is the portion of the above picture that lies to the left 
of the puncture. 



curves not shown are all small isotopic translates of each other. Then, we call such a 
diagram standard. We will often forget parts of the data (e.g., we consider a Heegaard 
triple (T,,a,'y,d,w), ignoring /3 and z); we will also refer to such diagrams as standard. 

It is not hard to see that for any oriented knot in a three manifold and any A^, there 
exist standard diagrams. 

We have usual "highest" intersection points Q/ss G PlT^ and Q^s G ^-y HT^, which 
have components as shown in Figure 1. We also choose a point Wf^^ on (3g D'jg, which 
determines a "highest" intersection point Of}^ in CF{Yp^) = CF{L{N, x S^), 

as follows. L{N, 1) is realized as the boundary of a disk bundle V over a sphere with 
Euler number N, and there is a unique Spin'^ structure on L(N, 1) that extends to some 
s on y such that (ci(s), V) = N. We choose the point wis^ so that s^(^i;/3^) is the unique 
Spin'^ structure that is torsion and restricts to this Spin'^ structure on L{N, 1). 

For a standard diagram, we will also fix iterated small isotopies /3(i), 'y{i), and for 
positive integers i, which will play a role in the proof of the long exact sequence. Thinking 
of /3, 7 and 6 as /3(o)) 7(0)) and (5(o)) will sometimes write rj^ = a, ry^j+i _ ^^.^^ 
jj3i+2 _ ^3j+3 _ Likewise, we will have points G^i^j for all j > i > 0, 

defined in the obvious manner. 



10 



EVAN FINK 



The Figure also shows a natural partition of fl T-y into points that are supported in 
the winding region - those for which the point on 7^ is on one of the horizontal a strands 
- and those that are not. The winding region on 7^ itself is the portion of that circle 
that is visible in the Figure, running between the leftmost and rightmost intersections 
with the horizontal a strands. For x G n T-y and y G Tq, n T^, we say a triangle 
in 7r2(x, 6-y5, y) is small if its boundary has component on 7^ contained entirely in the 
winding region. 

Each point x G H that is supported in the winding region has a unique nearest 
point y in Tq, n T^, for which there exists a small triangle in 7r2(x, Qjs, y)- We also say 
that X is a nearest point of y. 

Let Wm be the cobordism gotten by attaching a 2-handlc to Y along the longitude 
Nn + A, with boundary -YY[Yn. Note that i?2(^7v) and H2{Y) inject into H2{Wn); 
furthermore, if Nfi + A is a longitude that is not special, they in fact have the same 
image in H2{Wn), since the inclusion oiY\K into Y and yjv induces isomorphisms on 
second homology. 

We write W'j^f for —Wn, thought of as a cobordism from Yn to Y. Then a standard 
diagram for Y, K yields a Heegaard triple (S, a, 7, 5, w) for W'j^. The above observation 
then has consequences for the periodic domains appearing in a standard diagram, which 
are identified with elements of second homology (with respect to the basepoint w) . In- 
deed, each 0:7— periodic domains (that is, domains whose boundary is composed of an 
integral linear combination of entire ai and 7^ circles) will correspond to a ccd— periodic 
domain; the latter will have the same boundary as the former, except with 7 circles re- 
placed by the corresponding 5 translates. In particular, none of the cx'y— or ad— periodic 
domains will have boundary including a nonzero multiple of 7^ or 5g. 

Likewise, there will also be q/3— periodic domains corresponding to the 07— periodic 
domains (again gotten by comparing boundaries). However, for a special longitude, we 
will need to add one extra oiyS— periodic domain to generate the set of all aj9— periodic 
domains. 

We can of course say corresponding things about the periodic domains between the a 
and ry* circles. 



2.2. Relative Spin*^ structures. There are a couple of slightly different (but equiva- 
lent) descriptions of relative Spin'^ structures on three-manifolds with torus boundary. 
We review the description we use. 

There is a unique homotopy class of nonwhere vanishing vector fields on the torus such 
that if we take a covering map of to the torus, any representative vector field hfts to 
one that is homotopic through nowhere vanishing vector fields to a constant vector field 
(identifying the tangent space of a point on with itself). We refer to this as the 
canonical vector field on the torus. Given any Dehn filling of the torus, the canonical 
vector field extends to a nonwhere vanishing vector field on the filling. 

Given an oriented rationally nuUhomologous knot in a three-manifold Y, let Spin^(y, K) 
be the set of homology classes of nowhere- vanishing vector fields on Y\N{K) that agree 
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with the canonical vector field on the boundary (and in particular point along the bound- 
ary), where N(K) is a regular neighborhood of K; we refer to these as relative Spin'^ 
structures. Here, two vector fields are homologous if they are homotopic through non- 
vanishing vector fields in the complement of a ball in the interior of y \ N{K). The 
set Spin'^(y, i^) is an affine space for H^(Y,K), in the same way that absolute Spin'^ 
structures form an affine space for H^{Y). 

If we take the two-plane field v-^ of vectors orthogonal to v representing ^ G Spin'^(y, K), 
we have a well-defined global section of v"*" along the boundary given by unit normal vec- 
tors pointing outwards, and hence a trivialization r of v'^ along the boundary; this then 
gives a well-defined relative first Chern class ci(^) = ci ({/-'", r) G H^{Y,K). 

There is a natural projection map Gk '■ Spin'^(y, i^) Spin'^(y), given as follows. 
Think of as the unit circle in the complex plane, and view N{K) as x D^, where 
K is X {0}, with direction of increasing angle agreeing with the orientation of K. 
Also, for S C [0,1], let Ds be the set {z G -D^Hzl G S}. Extend the vector field over 
5^ X I?[i/2,i] so that the vector field points inward nowhere and so that it points in the 
positive direction on the factor on x -D{i/2}- Then, extend over the rest of N(K) 
so that the vector field is transverse to the factor on x -D[o,i/2]) s-^d so that on 
K X {0} the vector field traces out a closed orbit whose orientation agrees with 

that of K. 

The projection is H^{Y, i^)-equivariant with respect to the natural map j* : H'^{Y, K) 
to H'^{Y). In [13j|, it is shown that for s G Spin'^(y, if), we have 

(3) ci(Gx(b)) =j*(ci(5))+PD[if]. 

The fibers of Gj^ are the orbits of the Z-PD[/i] action on Spin"^(y, if), where PD[//] is the 
class in H'^iY, K) corresponding to the oriented meridian. Also, just like in the absolute 
case, we have that for x G H^{Y, K) 

ci(e + x) = ci(e) + 2x. 

2.3. Intersection points and relative Spin^ structures. Consider a doubly-pointed 
Heegard diagram (S, a, 5, ty, z) associated to an oriented knot K, which is part of a 
standard diagram. Recall the conventions for this. In S, we draw two arcs connecting w 
and z: a small one t/q crossing 5g once and none of the other a or 5 circles, and another 
one 1]^ which does not cross any of the 5 circles. The former can be pushed into the 
a-handlebody, and the latter can be pushed into the 5-handlebody. The union of these 
two arcs (which intersect at the common boundary of the handlebodies) should then give 
K, and the orientation on K should be such that r]a goes from w to z. In particular, 
if we push a small segment of 5g near the basepoints into the a-handlebody, we should 
have a meridian for K. 

Remark We can draw an honest oriented meridian in S by taking a small counterclock- 
wise circle around z. Confusingly, this appears to be at odds with the fact that, say, 
A -|- 2/i surgery is given by drawing 7^ with slope +2 in a standard diagram, rather than 
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Figure 2. The left side (when rotated about a vertical axis) shows the 
original vector field in a neighborhood of the flowline from the index 
critical point to the index 3 critical point; the right shows what we replace 
it with. At the points marked + and — on the right, the vector field points 
out of and into the page, respectively. 

slope —2. This is because when we draw our Heegaard diagram for the surgered man- 
ifold, we pretend that the knot passes through the handle attached by 6g, even though 
according to the above discussion it does not. If one is bothered by this discrepancy, 
then he or she can think of the results contained herein as being the result of comparing 
a doubly-pointed Heegaard 2-tuple with a singly-pointed Heegaard triple with an extra 
"reference point" that just happens to look very similar. 

Analogously to the constructions used for the three-manifold invariants, we can as- 
sign a relative Spin'^ structure s^, ^.(x) to a point x G n T5. Specifically, we take a 
Morse function compatible with the pointed Heegaard diagram (S, cx, S, w), and take its 
gradient vector field; we then remove the portions over neighborhoods of the flowlines 
corresponding to w and to the components of x, replacing them with non-vanishing ones. 
We replace the field over the neighborhood of the flowline for w as depicted in Figure |2.3[ 
together with the unaltered portion of the flowline for z, this will give a periodic orbit of 
the vector field which should coincide with the oriented knot K. After a homotopy, we 
can assume that there is a tubular neighborhood of K over which the vector field is of the 
form described on x in the construction of the projection map Gk- Then 5^ ^(x) 
is the homology class of this vector field restricted to the complement of x I?[o,i/2] as 
in that construction. 

As in the absolute case, we have a straightforward way to calculate zi^^) zi^i) 
for two intersection points xi,X2. We take arcs from xi to X2 along the a circles, and 
from X2 to xi along the S circles, yielding a closed path in S and hence a homology 
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class in Hi(T, \ {w, z}). The difference will then be the image of this homology class in 
Hi{Y \ K), whose Poincare dual lives in {Y \ K, d{Y \ K)) . Then s^^^(x2) - 5^,^(xi) 
is this Poincare dual, thought of as an element of H'^{Y,K). From this, it is shown in 
jl4j that if there is a disk cj) £ 7r2(x,y), then 

(4) s^,^(y) -s^,^(x) = {n,{(t>) - n^{^)) •PD[/x]. 

We also want to be able to evaluate the Chern class of the relative Spin'^ structure of 
an intersection point on an arbitrary class in H2(Y \ N{K),d{Y \ N{K))^, and so we 
will construct geometric representatives of elements of this group. 

To start, consider a standard Heegaard diagram (E, a, 7, S, w, z) for W'j^ for any value 
of N. To a Q:7d-periodic domain V such that &P has no components in 7 \ {7^}, 
the usual construction of representives of H2iyV'j^) yields an orientation-preserving map 
<^ : 5" — > W'^ (for some oriented surface S with boundary) of the following form. There is 
a disjoint union of disks D C S, such that $ maps each component of D diffeomorphically 
to the core of the 2-handle attached to Y to form Wj^, each component of dD into 7^, 
and S \ D into Y. 

Choose open balls and around w and 2: in S, such that 7^ is tangent to dB^j 
and dBz at precisely one point each. Then, we may choose our regular neighborhood 
N(K) carefully so that B^ and B^ are the intersections of N(K) with S, and so that 
7g C S lies in dN(K). (Roughly, the portion of 7^ lying between the two tangencies 
is thought of as being on the top of a tunnel in the a-handlebody, and the rest is 
thought of as being on the bottom of a tunnel in the /3-handlebody.) So, let D' C S 
be D union with $~^({i3^ U B^}); then, we think of V as corresponding to the map 
$0 : (5 \ D', d{S \ D')) -^{Y\ N{K),d{Y \ N{K))) defined by restricting <^ to S \ D' , 
which gives the desired homology class. 

It is easy to see that all classes in H2[Y \ N{K),d{Y \ N{K))^ can be represented by 
triply-periodic domains via this construction; and triply periodic domains in turn are in 
correspondence with classes of H2{W'j^). We can make this identification more explicit as 
follows. Write the handle attached to form Wn as x D^, where the first factor is the 
core of the handle. Let U be the B x D^, where is a small neighborhood of the center 
of the disk, and think of U as sitting in Wj^. Then the pair (Wj^ \ U, dU) is homotopy 
equivalent to the pair iY,K); and by excision, the (co)homology of iW'j^ \ U,dU) is 
the same as that of {Wj^^,U). Thus, for i ^ 0, there are canonical isomorphisms : 
Hi{Y,K) Hi{W'j^) and cj)* : H'{W'^) H'{Y,K). Then, it is clear that in fact 

The following largely follows as in Proposition 7.5 of [TT]. Recall that in that paper 
quantities x(^) A^y(^) defined for two-chains T>. 

Proposition 2.3. Fix some value of N, and a standard (doubly-pointed) Heegaard di- 
agram {T,,a,j,S,w, z) for Wj^. Let y G n and h G H2{Y,K). Set V to he the 
unique (yy 6 -periodic domain with no boundary components in ^ \ {7^} (and no local 
multiplicity at w) that represents 4>^{h). Then 

{ci (s^,.(y)) , h) = x{V) + 2fiy{V) - nUV) - n,{V). 
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Proof. Let v he a vector field representing 5^z{'y). By construction, this vector field 
should point along jg, and is trivialized along by vectors pointing out of S (after a 
homotopy). Calling this trivialization r, we want to calculate {e{v'^\s\D'j''')j d{S\ 
D')]). This proceeds almost identically to the proof of Proposition 7.5 of [11 . There it 
is found that 

(ci (s^(y)) , h) = xCP) + 2fiy{V) - 2nUr) 

for a Q;5-periodic domain V representing h £ H2{Y). For us, the boundary components 
of V along jg don't affect the calculation. However, we must subtract 1 for each point in 
^^^{{z}) and subtract -1 for each point in <I>~^({ii;}) due to the fact that v is trivialized 
in a neighborhood of K. Hence, we get xi'P) + 2/iy('P) — n^ij-') — nz{V). □ 

2.4. Spin*^ structures on cobordisms and relative Spin*^ structures. Given K., 
AT > 0, and to G Spin'=(yo), let S^(to) denote the set to + Z • PD[Af/x], thinking of ^ as 
an element of HiiYo). In a standard diagram for K, consider the set of Spin*^ structures 
on Xafjry that restrict to an element of &q (to) on Y^p = Yq and to the canonical Spin'^ 
structure on Yp^ = L(A^, 1). Define Sat (to) to be the set of restrictions of these structures 
to Ya-y = Yjq. 

Also, let SAroo(to) C Spin'^(WAr) be the set of structures that restrict to an element of 
SAr(to), and let 6oo(to) C Spin^(y) be the restrictions of SAroo(to) to Y. 
We banish the proof of the following to the Appendix. 

Proposition 2.4. Assume that Nfi + X is not special. Then the sets ©oo(to) t^^^^ SAr(to) 
are finite, and independent of the family of diagrams we use. The former is even inde- 
pendent of N: precisely, it is the set of restrictions to Y of structures on Wq that also 
restrict to ig. Furthermore, if there exist i,j G Z such that ici(to) + jPD[;u] is torsion, 
then both Soo(to) and ©Ar(to) consist entirely of torsion Spin'^ structures; otherwise, they 
both consist entirely of non-torsion ones. 

If ici(to) + jPD[/i] is torsion for some i,j G Z, let us call to ^-torsion. Obviously, a 
torsion structure is /i-torsion. 

We wish to speak of the sets SAr(to) on a common ground for all - specifically, we 
want to identify them all with subsets of Spin'^(y, iT). As a first step toward this end, 
we make the following definition. For x G n T^, y G n T^, and if) G 7r2(x, 0^^, y), 
define 

(5) Ek,n{'^) = s^,,(y) + K(V') - n,(V'))PD[/x]. 

We will show that this in fact gives a well-defined, diagram-independent map 

Ek,n : Spin^(T^;^) ^ Spin'=(y, K). 

Recall the definition of the spider number a{^,V). Orient the a, 7 and S circles so 
that every circle appears in dV with nonnegative multiplicity. Let d'^V be gotten by 
taking an inward translate of each o; circle with respected to the endowed orientation, 
and then taking a linear combination of these circles with multiplicities given by the 
corresponding multiplicities in dV. 
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Figure 3. A triangle A, with sides and vertices marked by where their 
images he under a map ip, and a spider. We wih think of our spiders as 
having the point near x, with two short legs a and c and one long one b 
running parallel to 6. 

Think of S 7r2(x,y, w) as a map from A to S, where A is a triangle depicted as in 
Figure 3. A spider is a point u in A together with three segments a, b and c from u to 
the a, 7 and 6 portions of the boundary of A, respectively, each oriented outward from 
u. Then set 

a{i;,V) = n^(„)(P) + #{d'^r D i;{a)) +#{d'^V D i;{b)) + #{d'sr D V'(c)), 
where all the intersection numbers are oriented (with x-axis H y-axis = 1). 

Proposition 2.5. Given a knot K, choose N such that N ^ + \ is not a special longitude, 
and form a standard diagram. Let h E H2(Y,K), and let V he the unique cx'y 5 -periodic 
domain with no boundary components in ^ \ {'jg} (and no local multiplicity at w) that 
represents (/>*(/i). Then, writing Atv for Nfi + X Hi(Y \ K), we have 

(ci(s^(V')),</.,(/i)) = {ci{EK,N{i^)) +^^[\n - lA,h). 

Proof. The Chern class formula from Section 6 of |16j gives 

(6) {ci{5M).Mh)) = x{V) + #dV -2n^{V) + 2a{^,V). 

Let us calculate 

(ci {^M) , Mh)) - (ci (s^,,(y)) , h) = #dV - nUV) + n,{V) + 2a{^, V) - 2fiy{V), 

with y a corner of '(/' in Tq n as above. 

For the calculation of cr, choose the spider in our triangle tp as depicted in Figure 3, 
with the spider point near the intersection of the a and 5 edges, and the leg b running 
parallel and close to the 5 edge. Then it is easy to check that 

2^ly{v) = #dr - #d^v + 2a{4^,v) - 2{#d'^v n b) 

where H^d^V is the number of 7 circles in dV. So, we need only calculate 

#d^v + 2Mv n 6) - nur) + n,{V). 
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Suppose that &P = kjg + L, where L is a hnear combination of circles in o: and S, 
and we break our convention and orient 7^ to agree with the orientation of K. Assume 
for now that A; > 0. Then examination of a standard diagram shows that #d^V = k and 
2(#d!yV n 6) = —2k{nz{-4') — nw{ip) + !)• To see the latter, note that we assume that 
the only 7 boundary component of V is 7^, and it is easy to see that if a component of 
the image of b intersects 7^, it must run parallel to 6g, and we just count the number of 
times it circles the meridian. 

It is not hard to see from our construction of a surface representing the homology class 
h that k = (PD[fi],h) and that UziV) — n^iV) = {PD[XN],h). So, we conclude that 

{ci{5M),Mh)) = (ci(B^,,(y) + (n^(V) -n,(V))PDH) +PD[A;v - fA,h). 

The case where < is similar, and we get the same class. □ 

As a map from Spin'^(WJ^) to Spin^(y, i^), let Ek,n be defined as follows. We claim 
that given s G Spin^(VFj^), there is a unique element ^ G Spin'^(y, K) such that Gk{0 — 
s\y and such that ci(^) = (/)*(ci(s)) — PD[AAr — /i]; then let Ek,n{s) = 

Proposition 2.6. The map described above is indeed well-defined, and -E_ft:,Ar(su,(^)) = 
Ek^nH^) for any triangle ^ in a standard diagram, where the right hand side uses the 
definition of Ek,n ols given in Equation^ This map is H'^(W'^)-equivariant, where the 
action on the right is via the map <j)* . 

Proof. First note that the condition that Gk{£) = s|y determines up to adding some 
multiple of PD [/i] . Examining the long exact sequence 

we see that the first arrow is the zero map, since K is rationally nuUhomologous; hence, 
the second map is an injection of H^{K) = Z onto Ker(j*) C H^{Y,K). Thus, there is 
at most one ^ that satisfies the first conditions and the demand that ci(^) — 4>* (ci(s)) + 
PD[AAr — fi] is torsion. Assuming existance of such a ^, then Equation [s] and the fact 
that j*(PD[AAr — /x]) = PD[ir] then imply that this class is actually 0. 

Proposition |2.5| ensures that such a does exist if there is a triangle ijj representing s 
in some standard diagram. It is easy to see that if ^ works for s, then ^ + 4'*{x) works 
for s + X, which establishes the map as well-defined on all of Spin'^(VFj^) as well as the 
if ^(Tyj^)-equi variance. □ 

2.5. Squares of Chern classes. The intersection form on the cobordism Wn is de- 
fined via the cup product H^{WN,dWN) ® H^{WN,dWN) ^ H^{WN,dWN) = Z, 
where the latter isomorphism is evaluation on a fundamental class. If j denotes the 
composition of maps H'^{Wn;1^) -ff^((?WAr; Z) H'^{dWN]Q), then the intersection 
form can be extended to a pairing Ker j Ker j ^ Q as follows. If x G Ker j, then 

goes to an element in H'^{Wn]Q) which clearly lifts to some 
X G H'^{Wn, OWn] Q)- The square of x is easily seen to be independent of the choice of 
lift X, and so we define x'^ = x^. 
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We can also square elements of H2{Wn) in the usual manner. The group H2{Wi\f, Y) 
is isomorphic to Z, generated by the oriented core F of the attached handle, oriented to 
agree with —K on the boundary; H2{Wn) splits (non-canonically) as the direct sum of 
H2{Y) and Z • [dF], where [dF] is gotten by taking d copies of F (recalling that d is the 
order of K in Hi(Y)) and then capping off the boundaries with a Scifcrt surface for dK. 

We write F' or [dF'] when thinking of the above as elements of H2{W'^, Y) or H2{W'j^); 
this distinction only matters when we consider intersection forms on cobordisms. Note 
that for any rationally nuUhomologous knot K equipped with longitude A, there are 
unique relatively prime integers p and q with p > such that surgery on the framing 
pfi + qX increase the first Betti number; let k = — |. In particular, if K is special, then 
K = 0. The proof of the following is also given in the Appendix. 

Proposition 2.7. The order of ji in Hi(Yq) is \dn\, and for any lift [dF'\ of F' , we have 
that 

In particular, for special K, ji is not torsion in HiiYo) and the square of [dF'\ is —d?N. 

Wc restrict attention now to Spin'^ structures on W'j^ that restrict to torsion or (if 
N^+X is special) //-torsion structures on the boundary; we refer to these Spin'^ structures, 
as well as the relative structures on {Y, K) over them, as boundary-torsion. Our interest 
in these stems from the fact that the generators of HF '^(Y) and HF ^{Yn) (for non- 
special Nfi+X) that represent them will inherit absolute Q-gradings from their untwisted 
counterparts. 

For torsion t^r G Spin'^(Yiv), choose some fixed So £ Spm.^{W'j^) that restricts to tjv- 

Then the subset of elements in Spin^(T4^^) that restrict to will be Sq-I-Z- (PD[F']|^^^). 

(Here, PD[F'] G H^{W'j^,Yn) is the Poincare dual of F' thought of as an element of 
H2(W']y,Y).) For boundary-torsion s, the evaluation of ci(s) on any element of the 

kernel of the map from H2{W^) to H2{W'j^^,Y) vanishes; thus, the quantity ^'^'^^^^j^^ 1^ 
is the same for any choice of [dF'] in the preimage of d[F'] . Define 

2 [dF']^ , / (ci(5o), [dF'])\ _ c?(so + xPB[F']\w,J - c^sq) 



Qk{x; 5o) = X h X 



\ d 4 

For a fixed Sq which restricts to tjv, we can interpret Qk{x]5q) as a quadratic function 
of x G Q; let G Q be the value at which this function achieves its maximum, and set 
xo = [x^\. We write Si^+(tAr) = 5q+xoPT)[F']\w,^ m\d5K-{iN) = %+{xq+1)PT)[F']\w:^. 
These structures depend on K, N and tjv, but clearly not on Sq, since they are simply 
the maximizers of the square of the Chern class among those Spin*^ structures which 
restrict to Iat. 
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We are interested also in the quantity 

(7) qKii) = Qk{1;E-^]^{0) = ^-^+ I ^ / 

for £ Spin'^(y, i^). We also abuse notation and sometimes write qx for o Ex,n = 
Qxi^', ■), which makes sense for any boundary-torsion element of Spiif(W'j^) for any A^. 
In light of the following, we sometimes write a relative Spin'^ structure ^ in the form 

Proposition 2.8. The quantity qxiC) is independent of N, for ^ G Spin'^(Y,K), and 
the map ^ ^ {Gk{C)tQk{0) ^-^ injective. 
We defer the proof to Section 3. 

We would hope that the above makes the set of relative Spin^ structures corresponding 
to GNociki) independent of N. This is not the case, but when K is special we can say 
something that will be of use to us later. 

Proposition 2.9. Fix some oriented knot K and some ^-torsion to G Spin'^iYo). If K 
is special, we have 

Mi.)) = -i^iMM) 

for any in &n{So), where [dS\ is any Seifert surface for dK capped off in Yq; and 

EK,NOBK+[{&Nm) = {[s;,+ (tjv)|y -iPD[i^],-M^^M)]|0 <i<d}. 

We give the proof in the Appendix. 

3. Families of Standard Heegaard diagrams and Small Triangles 
In this section, we make a convenient generalization of the standard Heegaard dia- 



grams, and note some facts that will be useful in proving Theorem 5.2 a twisted version 
of the large- surgery formula that is the first step towards the more specific formula of 
Theorem 16. 1[ 

Note that the winding region of a standard diagram, as depicted in Figure 1, has 
a fairly rigid form: essentially, the picture is determined by the number of horizontal 
a. strands, the number of turns in 7^, and the location of 6g (along with the flanking 
basepoints). Given a particular standard diagram, we can then cut out the winding 
region, and replace it with any other possible winding region that has the same number 
of OL strands. Such a replacement has little effect on the manifolds Yq and Y that the 
diagram represents, or the intersection points of Pi or n T5. The new diagram 
will represent Ym and W'^ for new values of A^, of course. 

Likewise, the small triangles appearing in a standard diagram have a rigid form; 
specifically, they are determined by their corner y G Tq, n and the value of (-(/') — 
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Definition 3.1. A family of special Heegaard diagrams for (Y,K) is the set of all dia- 
grams gotten from a given one by making this type of replacement. 

If two small triangles appearing in two Heegaard diagrams in the same family have 
the same corner y G n Ts and the same valu6 of (V') - nz{ip), we call them similar. 



Proof of Proposition 2.8 We show that raising by 1 doesn't change qxiO- When 

If'] 
d? 



2.7 



is increased by 1, the quantity ^'^^2^ decreases by 1 by Proposition 

A, for we appeal to the Chern class evaluation formula, Equation 

[g] Any lift [dF'] in H2{W'j^) has a representative periodic domain in a standard diagram 
whose boundary is of the form d(7g — N8g) + L, where L is a linear combination of 
a circles and 71, . . . ,7g-i- If we take a diagram for VFjv_(_^ from the same family, we 
will have a periodic domain with boundary d{"fg — {N + 1)5^) + L for the same value 
of L, which will also represent some class [dF'] G iJ2(l^jv+i)- Likewise, for some ^, 
we have similar triangles in the two diagrams that respectively represent E^j^{^) and 
^K^N+i^O- So, we can calculate the difference using the Chern class formula; we find 
that {ci{E]^]j^^^{£)),\dF']) - {ci{E]^]^{^)) ,\dF']) = -d for such values of By the 



characterization of Ek,n{0 given in Proposition 2.6, it is then clear that this equation 
must hold for all 

To see that ^ is determined by Ga'(C) and qxiO^ simply note that qxi^ + ^PD[/i]) = 

Fix a family of standard diagrams {(S, o;, 7, 5, tf, z)} for (Y,K). If we forget 
about the basepoints, we can still talk about equivalence classes of intersection points in 
T„ n T^: two intersection points are equivalent if and only if, upon adding basepoints, 
they represent the same Spin^ structure. Of course, the intersection points in n 
for any two of these diagrams are the same. Equivalence classes of points still form an 
affine set for the action of Hi(Y]sr). 

Over all the diagrams in J^, the total number of intersection points not supported in 
the winding region is constant, since the components of these points lie in the portions of 
the diagram that don't change throughout the family. Hence, the number of equivalence 
classes that contain points not supported in the winding region is bounded independent 
of N. 

Lemma 3.2. There is an integer e > such that if N is sufficiently large, then for all 
t G Spin'^ (Yj\f) , there is a diagram in T such that t is represented by an equivalence class 
of points which are all supported in the winding region, and such that we have 

2\nM-nzW\ <N + e 



for all small with a corner representing i. 
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Proof. We assume as always that K is rationally nullhomologous in Y, say of order d. 
Then, it is not hard to show that there is a constant c such that n will be of order \dN — c\ 
in Hi{Yn). 

There are + 1 members of J- that represent Wj^, corresponding to the + 1 place- 
ments of dg and accompanying placements of the basepoint w. Consider the e innermost 
placements of dg - that is, disregard the ^^^-^ leftmost and rightmost placements. We 
claim that if is large enough, then amongst these e different placements, a given Spin'^ 
structure t will be represented by e distinct equivalence classes of intersection points in 
Tq, n T^. To see this, suppose we have two adjacent placements of 5g, with correspond- 
ing basepoints wi and W2', then if e is the equivalence class of t with respect to wi, 
then e + PD[fi] is the equivalence class with respect to W2- Then for large enough N, 
\dN — c\ > e, so that the e equivalence classes will therefore all be distinct. 

Hence, if e is larger than the number of equivalence classes that contain points not 
supported in the winding region, then with respect to one of these placements of 6g, 
t must be represented by an equivalence class of points which all are supported in the 
winding region. Furthermore, for these placements, it is easy to see that 

- e 

|n^(^) - n;,{ip)\ < e H — 

(since for small triangles, at most one of nw{ip) and nz{ip) is nonzero), from which the 
claim follows. □ 



Call a value of e valid if it makes Lemma 3.2 hold. Given t G Spin'^(Y/v), we call a 
standard diagram t-proper if it is of the type described in the statement of Lemma 3.2 
with respect to some valid e. 

Lemma 3.3. For any small triangle iJj in any diagram in T , the quantity 

WxiswiTp)) - 2(n^(V') - nzW)\ 

is bounded independent of the particular diagram. In particular, there exists a constant 
Cq depending only on T such that 

for any small triangle ^ in a t-proper standard diagram in T representing Wj^, where 
i = St„(V')|yjv 

Proof. Fix a point y G R T^, and consider some small triangle ip with y as a corner 
in a diagram in J^. If we choose a different small triangle ip' in the same diagram, 
with y still a corner but such that n^j^ip') — nz{ip') increased by 1, then we can use the 
Chern class formula to show that (ci(s^(^)), [dF']) increases by 2d, so that g(s^(^)) 
is increased by 2. On the other hand, if we add a turn to 7^ and consider the similar 



triangle ip" to in this diagram. Proposition 2.8 shows that qK{5w{'^)) doesn't change. 
Thus, {qxiswifp)) — 2{nw{ip) — n^(V'))| depends only on y; since the number of points in 
Tfj n is fixed, the first claim follows. 



The second claim follows from the first together with Lemma 3.2, □ 
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Proposition 3.4. For a family T of standard diagrams for K, there is a constant N{T) 
such that the following holds. Take any t € Spin'^(Y]\j), and let ip he some small triangle 
with a corner representing i, in a standard t-proper diagram for Wpj. Then if N > N{J^), 
we have 

s^(V') = SK+ii) 

and 

Proof. First, note that 5z{ip) — SwO^) = PD[i<"]|^-;^. To see this, note that the Chern 
class formula gives that for V representing h € H2{W'j^), {ci[5z{ip)) — ci (s^('i/')) , /i) = 
2n^(P) - 2nz{V). Thus, we can easily show that ci[5z{ip)) - ci(s^(V')) - 2VD[F']\y^'^ 
is trivial as an element of Y{om.{H2{W'j^) ,7^) , hence torsion in H'^iW'j^), hence since 
•5z('0)|y'jv = s^(V')|yjv s-^d the torsion subgroup of H'^iW'j^) injects into H'^{Yn). 
We claim that if N is large enough, we must have 

c?(5^(V')) > c?(s^W -PD[F']|^^) 

and 

c?(s^(^) +PD[F']|t^^) > c?(5^(V^) +2PD[F']|h^^) 

for having a corner representing any t G Spin'^(Y/v). Assuming this, the fact that 
c\{sw{'4')+xPI}[F']\^rl ) depends quadratically on x means that this function is greater at 
a; = and x = 1 than at any other values of x, from which it follows that s^('i/') = SA'+(t) 
and s,(V) =s^W+PD[F']|^y-^ =Sir_(t). 

To show the claim, note that the two inequalities above are respectively equivalent to 

<3A-(0;s^(V't)) >Qk{ - l]5w{ipt)) 

and 

> Qi<-(2;s^(V't))• 
In turn, these can be reduced further, to 

(8) 9x(5»W)-2i^>0 
and 

\dF'\^ 

(9) ^/^(s^W) +2^^ <0. 



Lemma 3.3 says that there is a number Cq depending only on such that 

-Cq-N <qK{5^{^)) <Cq + N 



always holds for all small triangles V'- By Proposition 
2N . So we have 



2.8 



'12 



will be equal to —2k- 



QKisM) - >2K-Cq + N, 
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\dF'r 

gi^(s»(V')) +2^^ < -2k + Cg-N- 

for large enough A^, these imply that inequalities ([s]) and ^ hold, which proves the 
claim. □ 

4. Twisted Coefficients and a Long Exact Sequence 

We wish to prove a twisted analogue of the surgery long exact sequence relating y, 
Yq, and when i^' is a special knot. To accomplish this, we introduce a system of 
coefficients adapted to a given standard diagram. 

4.1. Additive functions on polygons. Suppose that we have a standard Heegaard 
diagram with translates 7i = (S,{r7*},u;) for W'jq with > 0, recalling that we denote 
the tuples a,f3,f and S associated to a standard diagram, as well as their translates, by 
rj^ for i >0. Again, we assume that K is special. 

To properly relate the twisted Floer homologies of the various manifolds Y^i^j , we find 
it useful to have the following. Let C{Ti.) be the free abelian group generated by the set 
Ui>o{^i' • • • '"^9}- Define L{7i) to be the quotient of C{Ti.) by the equivalence relation 
~, where ~ is generated by r/^ ~ rjj, when i,j 7^ and k ^ g; rj^ rjg when i,j ^ 
and i = j mod 3; and Ig ^ f3g + N6g. Informally, we are identifying elements that are a 
priori equivalent in Hi(Ti). 

Then, let K{7i) be the kernel of the obvious homomorphism from L(J-i) to Hi{Ti). 

Denote by A(7^) the set of all homotopy classes of polygons in this diagram, i.e., the 
disjoint union of 7r2(xi, . . . , x^) for k >2, over all tuples of points such that 7r2(xi, . . . , Xfc) 
makes sense. We wish to define a function Ak '■ K(7i) that is additive under 

splicing, and has appropriate equivariance properties (which we make precise later). 

To begin the construction, we first make the following choices: 

• points Pi £ T^o Pi T^, for each i; 

• for each x G T^i P|T^j, an oriented multiarc gi(x) from x to pi along ij^ (and 
similarly a multiarc ^^(x)); and 

• multiarcs rrij from pi to po along rj^, letting niQ be the trivial multiarc. 

We choose the multiarcs gi(x) so that if x S T^i C\Tj^] and x' e T^^,/ fl'^^r^j' '^ifh i = i' 
and j = j' mod 3 are corresponding points, then gi(x) and (J'i'(x') are corresponding 
multiarcs. 

For any point x € T^i T^, with j > i, define £o(x) = gj(x) — gj(x) + rrij — nii. Note 
that this realizes a closed oriented multiarc in S, and if xi, . . . ,Xfc are such that x^ E 
T^i^[\T^^^^^ with ifc+i = ii < i2 < . . . < ikj then the sum 4(xi) + . . . + £o(xfc) -4(xfc+i) 

is homotopic (within the circles of 7i) to a multiarc supported along circles in rf^ for 
n = 1, . . . , fc. 

Let L{i,j) denote io{Qij). It is not hard to see for any point x G T^i n T^j with 
j > i > 0, that L{i,i + 1) + L(i + 1, i + 2) + . . . + L{j - 1, j) - 4(x) is homologous 
in -ffi(S) to some element ^i(x) G CiTL). Then, define ^(x) to be the closed oriented 
multiarc ^o(x) — ^i(x). 
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Say that two points x € Tq, n T^i and y G Tq, n T^i+k are homologous if 
7r2(x, . . . , 0i_|_fc-i,j+fc) y) is nonempty, and extend this to an equivalence relation 

on UjITq, n T^i. Of course, generators that are Spin'^-equivalent will be homologous. 
For each such homology class c, choose a representative point Xc G Tq, n T^i . Then, 
it is also not hard to see for any other point x G Tq n T^i for any i representing c, 
that ^o(xc) + L{1,2) + . . . + L{i — — £o(x) is homologous in -ffi(S) to some element 
4(x) G C{n); so let be £o(x) - ^i(x). 

The upshot of the above is that for any polygon ip G 7r2(xi,X2, . . . ,Xfc,y), we have 
dip = £(xi) + . . . + £(xfc) - i{y) + Z if V is not a bigon or = i{y) - £(xi) + Z if V is 
a bigon, where Z G C{H) vanishes in iJi(S). So, choose points pi^g on r/*, in a suitably 
generic position (away from intersections between isotopes), and orient each curve. Let 
Aq{c) = g nip. ^ {c)-r]l for any closed multiarc c, where m^. ^ is the oriented intersection 
number; and let 

Ao{tP) = Ao {d^ - £(xi) - ... - ^(xfe) + ^(y)) 
if ^ is not a bigon, and 

AQ{^|;) = Ao{-^^-^{■Kl)+^{y)) 

if ^ is a bigon. Letting Ak denote the composition of Aq with the map taking C(TL) 
to L{H), the image of Ak actually lies in K{H). This map will clearly be additive 
under splicing. Furthermore, note that H^(Yqj) naturally embeds into K(Tt) (via a 
choice of basepoint in our Heegaard diagram). With respect to this, the map Ak is also 
(YbjO-equivariant. 

We also define one more function: let M(TC) be the Z/A/'Z-module freely generated by 
{r]g^\i > 1} (i.e., 6g and all its isotopic translates). For tp G A(7{), define Am{'>P) to be 
the summands of Ao^dip) corresponding to these circles. Again, this is clearly additive 
under splicing. 

Going forward, we write Mj for ry^*; and we write A{'ip) for Axiip) © Am{iP) G K{H © 
M{n). 

4.2. Standard diagram coefficients. Let Rk = 'L[K{H)] and Rm = Z[M{n)]; set 
R = Rk Rm, which will be equal to the group ring of K{H) © M{H). Of course, Rk 
and hence R will also be an algebra over Z[if^(lij)]. 

We now define the chain complex with standard diagram coefficients, CF^ ( j ; i?) , to 
be the group CF'^{Yi^j) (g) R equipped with the differential given by 

5+([x,z](gr) = E *M{<l>)-[y,i-n^m®{e''^'t>'^-r), 

where as usual we use exponential notation for elements of the group ring. The fact 
that A is additive under splicing ensures that this indeed defines a chain complex. This 
chain complex is not a priori an invariant, but rather depends on the diagram and the 
function A. However, the relationship with the twisted coefficient chain complex should 
be not difficult to see. 
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When i,j / 0, we will be interested in CF^^{Yij;Z[[U]](^R) = CF^^{Yij)(g>Z[[U]](^R, 
where Z[[C/]] denotes a ring of formal power series, and where H^{Yij) acts trivially 
on Z[[C7]] (8) R. The differential is defined in the same way as above. It is not hard 
to find an isomorphism from the trivially-twisted complex C-F-^(l^j; Z[[?7]]) -R to 

For a set of ^-tuples of circles 77*^ . . . , r/**^ with k equal to 3 or 4, we define maps 

k-l 

/+ : CF+{Yi„i,; R) CF^'{Yi^,i^^,;Z[[U]] ^ R) ^ CF+{Yo,i,; R) 

n=2 

if ii = 0. If ii 7^ 0, we also define a similar map, except replacing CF ^iYj^ j. ; R) with 
CF -^jYj-^ \ 1:[\U]] R) for j = 2 and j = k. In both cases, the map is given by 

k-l fc-1 

J2 E #^(^) • E - "-(V')] ® (e^^'^^ • n ■ 

weT^i^nT^i^ Ve7r2(xi,...,Xfc_i,w) n=l n=l 

/n(i/')=fe— 3 

In general, for rectangles and pentagons, when we refer to a moduli space of rectangles 
or pentagons, we will mean the moduli space of those rectangles or pentagons that are 
pseudoholomorphic with respect to a one-parameter family of almost-complex structures 
on S; in particular, for A; = 4, we take in the above to be a count of such 

rectangles. 

Given s G Spin'^(Xj^ ... j^), we also have maps . defined similarly, except count- 
ing only those polygons tp representing s. 

Lemma 4.1. We have for each i > 1 

with Ti G ® R- There are constants c G TLjNTL and ki G K(7i), such that the 

coefficient of n is e'''+^^^ if i equals 3j -2 or 3j - 1, and e^^ ■ ^^~q e'*^^+(^-'*)^i+i if 
i = Sj. 

Proof. We have three cases to look at, according to the value of i mod 3. In each case, 
every holomorphic quadrilateral passing through 6i,i+i, 9j+i,j+2, and 6^+2,1+3 that the 
map counts has last corner Oi,i+3, for Maslov index reasons. 

First, consider the case where i equals 3j — 2 or 3j — 1. Examining periodic domains, 
we see that precisely one of these quadrilaterals, say i/jq, will have zero multiphcity at the 
base point w. Thinking of /+^^ .^^{Gi^i+i (g) Qi+i,i+2 <8) 61+2,1+3) as a sum of terms 
corresponding to each homotopy class of quadrilateral, the term corresponding to ipo will 
be Qi^i^^iSi e'^^^'^°'> e^'^^'^°\ and all the other nonzero summands will be ■ 6i,i+3(8)r 
with n > 1 and r e R. We immediately see that AmO^o) is a multiple of Mj. It is also 
not hard to see that this multiple really only depends on the position of the component 



TWISTED FLOER HOMOLOGY OF MAPPING TORI 



25 



of Qjj^ in the torus portion of a standard diagram; in particular, this multiple should be 
the same for all such i. 

When i = 3j, things work slightly differently. If we arrange our diagram appropriately, 
there will now be N holomorphic rectangles with Maslov index -1 and zero multiplicity 
at w which don't cancel; these can be labelled as -^O; • • • ) V'iV-i so that AM{ipn) = 
nMj + (c — n)Mj_|_i, as these triangles only differ by ?7*?7*"^^-periodic domains. The rest 
of the calculation proceeds as before; in particular, Axiil^n) is independent of n. The 
result follows. □ 

We define chain maps /+ : QZ^ {Yo^f, R) CZ+(^o,i+i; -R) by 
/+ ([x, j] ® r) = /J. .^^ (([x, j] r) e^.^.+i) . 

That these are indeed chain maps follows from the usual untwisted arguments, together 

with the fact that the quantity A used in the definition of ft ■ ■ -, is additive under 

^ — 0,i,«+l 

splicing. When i = 0,2 mod 3, there are also maps ff.. for each s in Spin'^(Wo) if 

i = or Spm^{W']y) if i = 2; these only count triangles which represent s (identifying 
the appropriate fillings of Xo,i,j+i with Wq or Wj^). 

For each i > 0, we have a map : CF^(Yn i\ R) CF+fln, R) by 

which is also a chain map. 

Furthermore, there are chain maps g. : CF ^iYm; R) CF "'"(Yn i+.s; R) given by 

5,([x, j] r) = /+ ^^3(([x,i] r) (9^,^+3 n)), 



with Tj as furnished by Lemma 4.1 



We need a number of minor results to establish the long exact sequence, as well as 
for later; we break them up into the next two Propositions. Henceforth, we write i = j 
to mean that i and j are equivalent mod 3. We say that two generators x = [x, j] 
and x' = [x',j'] are connected by a disk if there exists 4> S 7r2(x,x') such that 
nw{(t>) = J ~ j' &iid A{(f)) = a' — a. There is a similar notion of x' being connected to x 
and some of the Qij by a polygon. If it is clear from context which Qij we mean, we 
simply say that x and x' are connected by a polygon. 

Proposition 4.2. Fori > 1, there are subcomplexes Ci of CF ^(Yni\ R) and projection 
maps TTi : CF ^iYm; R) Ci such that the following hold. 

a) The maps Hi are chain maps. 

b) Ifi = 0, then d ^ CF+(yn,,) Z[Z] ® Z[Z/NZ] = 0;^„ Ci{l, n), where the sum is 
over I andn£ Z/NZ, and Ci{l,n) = CF+(Y(m). 

c) Ifi = 1, then Ci ^ CF+lYoj). 

d) If i = 2, then Ci = CF^{Yo^i) (8)Z[Z] = 0^ Ci{l), where the sum is over I G Z, and 
Ci{l)^CF+{Yo,i). 

e) Ifi = 0, then vrj+i o /+^ o vrj = vrj+i o /+^, and ■Ki+2 ° Kf o vrj = TTi+2 ° Kf . 
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f) Ifi = 1, then vrj+i o /+ = /+ o vTi. 

g) If i = 1,2, then VTj+s o g. takes Ci isomorphically to Ci+3. 

Proof. Recall the discussion from the end of Section 2.1, from which we cull the following. 
The 0:7- and a5-periodic domains will each correspond to a subgroup of K{TC) (the same 
for each); call this Kq{TL). For periodic domains V, Ak{V) is the image of dV in K{7i); 
thus for these periodic domains, Ak(V) £ KoiTi). There is also some periodic domain 
P, whose boundary contains Pg with multiplicity d, such that K(7i) = Ko(7i) ©ZP, and 
any element of K(7i) corresponds to a Q;/3-periodic domain. For any of these periodic 
domains, Ajvf('P) = 0. 

Therefore, the value of Am on a bigon is determined by its endpoints; the same is 
true of Ak up to Kq if i = 0, 1. So, there is a function zq from intersection points in our 
diagram to K{7i) © M(Ti.), such that [x, j] © and [x',/] © e'^ are connected by a disk 
if and only if zq(x.') — zo{x.) — (a' — o) is in the image of the ary^-periodic domains in 
K{7i)(B0 for appropriate i. So, for any fixed element s of K{7i)(BM{7i), let Cf{s) be the 
subgroup of CF '^(Yn/, R) generated over Z by elements of the form [x, j] © e^o{^)+s+k ^ 
for k S KiTL) if i = 0, and for k G Kq{TC) otherwise. Then this group is a subcomplex, 
isomorphic to CF "'"(ln,7,), and in fact CF "'"(ln,7,: R) splits as a direct sum of subcomplexes 
of this form (for varying s) 



Let Sj = c- Yli=i -^i' where c is as given by Lemma 4.1 , If z = 3j — 2, let Cj = C?(sj). 
If i = 3j — 1, let Ci = + denote the summands by Ci{l). If i = 3j, 

let Cj = C'?(sj + /P + nMj); denote the summands by Ci{l, n). Let vTj be the 

projection from the full complexes down to these subcomplexes. It is clear that these 
maps are chain maps, and that these groups satisfy the isomorphisms of claims b), c), 
and d). 

Let us examine the maps /^^ and H_^. li i = 3j, for any m £ MiTi), the image 

of Ci © under the former map will lie in @^Zq Cj+i © g^+^^^J , since the counted 
triangles may have boundaries traversing Mj, but not any other translates of 5g. In 
particular, tTj+i o /+ will only be nontrivial on elements of Cj. The image of Ci © e"* 

— KV 

under the latter map will likewise lie in ^^Zq Cj+2 © e™"'""^'^^ , so we can say the same 
for TTj-i-i o showing claim e). 

If i = 1, then the image of Ci © e™' under f~^. will lie in Cj+i © e™", since none of the 

— V') 

triangles this map counts will traverse any of the 5g translates. This gives f). 

For each point x G n T^i , there is a canonical nearest point x' G H T^i+s and 
small triangle V'(x) G 7r2(x, 0j.j_|_3, x') that admits a single holomorphic representative. 
Let 5^ be the summand of g^ which counts only this triangle. If the coefficient of rj is 
r^, then Ij^ will take [x, j]©rx to [x', j]©r^^-rx, since the points which measure Am{'4'{'^) 
are arranged to lie away from the small triangles. Therefore, when i equals 3j — 2 or 
3j — 1, for each m G M(TC) the map g. gives an isomorphism from Ci © e™' to Cj+3 © e™. 



in light of Lemma 4.1 and the definition of sj. In particular g. and hence vrj+3 o g. take 
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Ci to Ci+3 isomorphically. By a standard area-filtration argument, it follows that the 
same is true for tTj+s o g., giving the last assertion. □ 

Proposition 4.3. Ifi = 0, then f^.^ ^ = f~^.^ \^f^,(^i ^i^^^^^^y for some function : Spin'^{Wo) 
Z/iVZ. If 5 and a' both have the same restriction to Y, this function has the property that 
^o(-®) ~ '^o(^') o.f^d only s\yo ands'|yg belong to the same PD [iV/x]-or6ii in Spin'^{Yo). 
Ifi = 2, the image ofCi{l) under /^^ ^ lies in Ci+i{l]^{l,s),n'^j^f{s)) for some functions 

Z]y : Z X Spin'^{W'j^) Z and n^^ : Spin'^iW'^) "L/NZ,. If 5 and s' both have the same 
restriction to Y, n]^ has the property that n^(s) = 'ra^(s') if and only 5\yo and s'Iyq 
belong to the same PD[N ji]- orbit in Spin'^iYi^). The function l)^ satisfies l]^{l + k,s + 
mPBldF]) = lif{l,s) + k + m. 

Proof. If i = 3j, suppose that generators x and x' of Q admit triangles V and tp' 
representing s G Spin^(Wo) that connect them to respective generators y and y' of C^+i. 
Then y and y' arc certainly connected by a disk, so x will also be connected to y' by ip 
spliced with this disk, which represents s. Clearly x must be connected to x'l^e''^ by 
a disk for some qk € K{7i) and om € M{H), and we can splice this disk with ip' to get 
another triangle representing s connecting x and y'. Since any two triangles connecting 
X and y' that represent the same Spin'^ structure will have the same value of Am, it 
follows quickly that om = 0. Thus, if x G Ci{i,n) and x' G Ci{£',n'), then n = n', and 
we set this value to be nQ(s). 

Suppose that s and s' both have the same restriction to Y and satisfy s'|y;, — s|y(, = 
/cPD[/u]. It is not hard to see that if we choose the function zq of the last proposition 
carefully, then we may ensure that for ^p G 7r2(x, y) and ip' G 7r2(x, y') 

representing these two Spin'^ structures, Apiitp') — ^m(V') ~ i^oiy') ^ -2^o(y)) equals kMj 
plus an element of K{H). It follows that no(s) = rao(s') if and only if A; is a multiple of 
N. 

The corresponding claims when i = 2 follows along similar lines; the only real differ- 
ence is that we now note that for two triangles tp,ip' connecting the same two points 
representing the same Spin'^ structure, in addition to Am^iP) = Am{iP'), we also have 
Ak{iP') — Ak{iP) G Kq{H). Also, note that PD[dF] is the Poincare dual of a class in 
H^iPW'j^) whose associated periodic domain represents P; from this, the claim about V'^ 
is clear. □ 

4.3. The long exact sequence. We first prove a long exact sequence in terms of the 
above, and then we translate it into a more invariant result. In the following, for any map 
/ whose source and target are respectively CF ^iYn .;-, R) and CF ^ {Yn j\ R), wc write irf 
for TTj o / o TTj, and similarly for induced maps on homology. The precomposition by TTj 
can be thought of as a restriction of the domain. 

Theorem 4.4. There is a long exact sequence 
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furthermore, there exists a quasi-isomorphism 

V'+ :M(7rZ+)|cJ ^C4, 
where M denotes the mapping cone. 

Proof. We follow the strategy of |15] . To do this, we will show that there are chain 
nuUhomotopies ttH ^ : d —>■ Ci+2 of ° ^/(i)' ^^"^ ^hat the maps 7'"/^^2) ° ~ 

HILi+i ° ^/(i) quasi- isomorphisms. 

We consider the moduli space of quadrilaterals G 7r2(x, 04+1^4+2, w) with 

= 0. This space is compact and oriented of dimension 1 (recall our use of the 
phrase "moduli space"), so the signed count of its boundaries vanishes. Noting that 
the O points are cycles, we see that with appropriate orientation conventions, a twisted 
count of the ends yields 

s 

where 5i and S2 are the appropriate restrictions of 5. It is not hard to see that 
and that 

T^i4-2 ° I f ^ , 1 ^ ° f ^^ I ° TTj = VT f ^ , , O TT ft, . 
V— — (0/ —{«+!) — (0 

50 as usual, to show that ttH ^ is a chain nullhomotopy, it suffices to show that for each 

51 G Spin'=(Xo,j,j+2), we have 

(10) E /M+M+2,,..,,^,,.^,(0v-.i^e.^,,_,^ 

To verify this equation, in fact, the untwisted arguments work with few changes. 
Suppose first that we have two triangles ip and ip' with nw{ip) = nyj{tp') connecting the 
same three points Xj+j S T^t+j nT^i+^+i for i > 1 and j = 0, 1, 2. Then dip' will equal dip 
plus a number of doubly-periodic domains plus some triply-periodic domain "P, where 
&P is a multiple of "Ig — fig — N5g (up to replacing circles with corresponding translates). 
All of these domains go to in both L{T-L) and M{TC), the latter because 6g is of order 
in M{n); and so Axitp') - Ak{iP) = Am{iP') - Am{iP) = 0. Thus, for triangles through 
any three such points, nw{ip) determines Axi^p) and Am{iP). 

Having shown this, the usual arguments show that for alH 7^ and each A; > 0, there 
are two homotopy classes of triangles ip^ G T^2{Qi,i+i,Qi+i,i+2,Qi,i+2) with fJ-i^p^) = 
and riwiip^) = nwi'ipk) (both of which equal a quadratic function of depending on 
and the precise position of Qp'y), and each of these admit a single holomorphic repre- 
sentative. Since n«,(V'^) = n^('i/'^), we know that AK{'ip'l) = Ak{'4''^) and Am{'4''1) ~ 
^A/(V'fc ); hence, the two corresponding terms in /^^^-^ ^_^2 ^(©j.i+i ^ 0«+i,i+2) will appear 
with the same twisting coefficient. Furthermore, orientations can be arranged so that 
the terms appear with opposite signs. Likewise, when i = 2, any of the other points Q' 
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in n will have two homotopy classes of triangles G 7r2(0i,i+i, 0j+i^i+2) ©') 

with fi^ip^ {Q')) = and Uwi'tp'j^ {&')) = nw{ip'^ {&')), and we can ensure that these yield 
cancelling terms as well. Thus, , , . , r,(0i,i+i ^ ©^+1,4+2) = 0; the left hand side of 
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-i,i+l,i+2 

is equal to sum of terms equal to , -, • , r,(0i i+i ® ©i+i 1+2)1 and so this 
equation holds, proving that the irH f are nullhomotopies. 

Next, we examine the desired quasi-isomorphisms. Consider the moduli space of pen- 
tagons ^p S 7r2(x, 0j+i^j+2, 0j+2,i+3, w) with fi{jp) = 0. We count signed bound- 
ary components, noting again that the points are cycles and that , JQa+i 
Oi+i^i+2) = 0. Ignoring the terms that vanish due to these observations, and orienting 
appropriately, we have 

IU2) ° - ^.+1 ° / J) = o J + J o + 

E/Jv+3,..( • ®Ztm.+2.+3,..(Qv+i»0m.+2®e.+2.+3)), 

s 

where J counts pentagons -0 with = — 1. In fact, we can dispense with the Spin'^ 

structures in the second line. 

First, consider the case where i is not 0. In these cases, it is easy to see that the above 
equation together with 4.2 e) and f) imply that 

TT f ^ , o ttH- — TvHj,-, o IT f + = 7r(?^- , o vr J -|- vr J o vrS"^- -|- 

!^J.,+3(^^(-) ® 5^+l,+2,+3 (0^-^+1 ® 0^+1-^+2 ® e,+2,+3)). 

Hence, in these cases, it suffices to show that the term in the second line of this expression 
is a quasi-isomorphism when considered as a map from Ci to Cj+3; but this is immediate 
from Proposition 4.2 g). 

We have only to show the analogous result for i = 3j. This requires a little bit of 
finesse. 

Any element of Q is of the form x = [x, i] e'^+*j+"-*^i ^ for some k € K{7i) and 
n G Ij/NIj. Then VTj+i o (x) gives a count of triangles ip originating at x with 

rHpi^dip) = c — n (where c is as in Lemma 4.1), and TTi^2 ° ^Li{x) does the same for 
rectangles. 

Given (. £ Z/A^Z, let be a map which counts holomorphic pentagons 
ip G 7r2(x, 6j,i+i, 0i+i,i+2,6i+2,i+3, w) with /x(V') = -1, but only those pentagons for 
which rUpi^dil)) = i. We bundle these into a single map J^, by having ^^(x) = J!_c-ni^) 
when X is of the form given above. Then, examining boundary components of moduli 
spaces of pentagons ^p with fJ.{^p) = and rupi^dil)) = Cj — n, we see that 

^«+3 °Z(i+2) °^»+2 (a^) -7ri+3 o VTj+i o /+ (x) = 7ra++3 of_{x) + f_o'n&^, (x) -h , 

where 



e 



weTcnT^i+a </)e7r2(x,0j,i+3,w) 
/i(^)=0 
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for appropriate constants C(^) G ^[[t^]] 53 R- Precisely, write 

/J+i,.+2,+3,..(®v+i » 0.+i,.+2 ® e,+2,+3)) = ^ e'^''^ ■ Piq) ■ 

where P{q) G ^[[f^]] ® R contains no powers of e*^^; then if mpi{dilj) = a, C{ip) 
should equal P{c — n — a). Indeed, the coefficients of P{q) all arise from triangles 
■01 G ■7r2(0i,i+i,0i+i,i+2,0i+2,i+3,0i,i+3) for which nipi^dipi) = q, and we essentially 
want to count pairs (V', V'l) such that nipi {d{il) * ■0i)) = c — n. 

Let G be the count of triangles that G performs, with the second sum restricted to 
canonical small triangles. If tpQ is such a small triangle, recall that we have arranged 



so that mpi^dipo) = 0. Hence, Lemma 4.1 implies that C{ipo) will have coefficient 



equal to e'=+('=-")*^^+"*^^+i for some k E K(n) and n G Z/NZ. Therefore, G is an 
isomorphism; as usual, an area filtration argument can then be used to show that G is 
an isomorphism as well, proving the quasi-isomorphism statement for i = 0. 

Thus, the mapping cone Lemma of [15] finishes the proof. □ 

Recall that the usual cobordism-induced map -F^t,, : 



We now refine Theorem 



4.4 



HF ~^{Yn, 5|v»r) HF ^ {Y,5\y), and indeed the groups themselves, are well-defined 
only up to a sign and the actions of ff^(ljv) and H^{Y). We may fix these so that the 
following holds. 

Theorem 4.5. For special K, there is a long exact sequence 

. . . ^ HF+{Yo, e^(to)) ^ HF+{Yn, ejv(to)) Z[Z] 

^ HF_+{Y, 6oo(to)) ® nn ^ • • • , 

where each group is taken with totally twisted coefficients. We have 

seSjVoo(to) 

where Ft^r, is the usual twisted coefficient map induced by WL, appropriately fixed; and 
SO there exists a quasi-isomorphism 

^+:m( /:) -fZZM^o,e^(to)), 

\sGejvoo(to) / 

where is the chain map inducing F^ . 

Furthermore, we can choose G 6Ar(to) and too G S(to), and identifications 

CF_^{YM,&N{io))®m] = ^CF+{YN,tN + iPB[F']\Y^) 

and 

CF+(y,6oo(to)) ^ CT+(y, too +iPD[F']|y), 

iei, 
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where we treat each summand as distinct, so that if takes summand i to summand j , 
then f"*", ,^^,^.,11 takes summand i to summand j + k. 

Proof. For to G Spm'^(yo), let 6S(io) = to + Z- PD[/i] and 6%{{o) = ejv(to) + Z • PD[/u]. 
It follows quickly from Theorem |4.4| that there is a long exact sequence of the form 



^e^^+(y,©oo(to)) 

by identifying each Cj with one of the above groups and noting that each map of the 
long exact sequence naturally splits along Spin'^ structures as given. 

All three groups above further decompose into subgroups: the first two by breaking 
into sums indexed by the N differenet Z • APD[/i]-suborbits of Spin^ structures, and the 
last in the obvious manner. So to show that the exact sequence of the statement exists, 
it suffices to show that the maps in the long exact sequence respect these decompositions 
(i.e. each map takes each summand of its source to a distinct summand of its t arget). 
It is not difficult to see that -F^ does, by (for example) examining Lemma 11.1 That 
the other two do follows from the statement about Uq and n^y in Proposition |4.3 

The identification of F_\y' and the mapping cone statement are both clear. Finally, 



the last statement follows from the second paragraph of Proposition 4.3, □ 



For an integer 5 > 0, let CF ^ denote the subcomplex of CF ~^ consisting of elements 
in the kernel of . In the statements and proofs of all the above, we can go through 
line by line and systematically replace CF ^ and HF ^ with CF ^ and HF ^ (interpreting 
every map with one of these groups as source as having appropriately restricted domain) . 
It is straightforward to then go through and check that everything still makes sense and 
holds true. We will specifically need the quasi-isomorphism statement, so we state it 
precisely, and enhance it a bit. 

Corollary 4.6. If K is special, then there is a quasi-isomorphism 

\seeivoo(to) / 

The mapping cone inherits a U action from the summands of its chain group; with respect 
to this action, the quasi-isomorphisms are U-equivariant. 

Proof. We explain the last statement quickly. The chain group of the mapping cone is 
CF^{YN,6N{io)) e CF_Hy, 6oo(io))- Examining the proof of the mapping cone Lemma 
as given in |l5j , we can express (p^ in terms of this decomposition by 



these maps are C/-equi variant, and thus so is 0*^. □ 
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5. Twisted Knot Floer Homology 

Knot Floer homology was originally defined in [10 and [18 for nullhomologous knots; 
in [T3] the definition is extended to knots that are only rationally nullhomologous. We 
recall the construction here, extending it to the case of twisted coefficients. We then 
prove analogues of some of the results in [IT in the twisted setting, which relate the 
knot filtration with the homologies of large surgeries on the knot. We write out a 
large portion of the details in this, even though most of the results here follow in a similar 
manner to previous results; we do this mainly so that we may be unambiguous when 
referring to these results afterwards. 

5.1. The knot filtration. Take a doubly-pointed Heegard diagram (Ti,a,S,w, z) for 
an oriented, rationally nullhomologous knot K C Y, which need not be standard. We 
can form the usual chain complex CF°{'E,a,d,w) (where o denotes any of^, +,— , or 
oo), but the extra point endows this with an additional Z filtration, via the ordering on 
the fibers of Sp'm^ (Y,K). In [TJj, it is asserted that the Z © Z-filtered chain homotopy 
type of C7F°(s7a, S, w, z, = CF°{Y, K, is an invariant of Y, K and ^ e Spin^(y, K). 

There is an obvious alteration of this construction to get a filtration on the twisted 
complex. One still needs an invariance result, but it is easy to see that the filtration 
"cares" only about the generators of the complex, and not about the coefficients appear- 
ing next to them, so that invariance comes from the respective invariance results for the 
twisted three-manifold invariant and the untwisted knot filtration. 

Let us be more precise about this. Recall the conventional set up for twisted coeffi- 
cients: one chooses complete sets of paths in the sense of Section 3 of |tl2j , which (together 
with the choice of basepoint w) yield a surjective additive assignment h from 7r2(x, y) 
(when it is nonempty) to H^iY^^). Then we take our universal twisted coefficient ring 
to be "LlH^^iYas)]-, with twisting specified by h. 

So, if C G Spin^(y, K), we let T(C) be the set of [x, G (T^, n T^) x Z x Z such that 

(11) s^,,(x)-(i-j)PD[/i]=C. 

Then, for any I^H^ {Ya5)\--mod\i\e M, define CFK °°(£, a, S, w, z, ^; M) to be the abehan 
group CFK°°{I],a,S,w, z,S,) M, where CFK'^{Ts,ol,6,w,z,S) is the free abehan 
group generated by [x, G T(0) with differential 

a°°([x,i,j]®m)= Yl E #M{<P)-[y,i-nM.j-nzm®e^^^^-m, 

yeT„nTi {0e7r2(x,y)|M(<^)=i} 

which is a finite sum if the Heegaard diagram (S, a, 6, w) is strongly-GA'(0 admissable. 
The differential takes CFK °°{Ti, ct, 5, w, z, £; M) to itself in light of Equation |4] and 
the usual arguments show that (9°°)^ = 0. If we don't specify M, we take M to be 

m^Y^s)]. 

This group is naturally Z©Z-graded, by declaring [x, ©m to be in grading (i, j), 
for m £ M; this makes CFK °°(T,, a,d,w, z,(^; M) into a Z © Z-filtered chain complex. 

Theorem 5.1. The Ij^I^- filtered chain homotopy type of the Z[C/] ^IjlH^^Yas)] -module 
CFK°°{T.,a,S,w,z,^;M) = CFK °°(Y, K,£; M) is an invariant ofY, K, and 
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Proof. Considering the above remarks, this is a routine adaptation of the invariance 
arguments from [10]. □ 

We abbreviate CFK°^{Y, K,C; M) to C^{Y,K;M). If 5 is a subset of Z © Z such 
that G S whenever G S with i' < i,j' < j - or if 5 is the complement of 

one such region in another - then we have a subgroup C^{S)(Y, K; M) generated by 
elements of the form [x, <^ m with (i, j) G S, which is naturally a subquotient chain 
complex of C^(Y,K;M). Such a chain complex will also be an invariant of Y, K, and 
^. Of particular interest is the set S = > or j > 0}; for this S, we write 

C_'^ {Y, K; M). If we only wish to calculate C_'^ {Y, K; M), we need only have a weakly 
admissable Heegaard diagram to have a well-defined differential. 

5.2. Relationship with large N surgeries. Note that for ^ G Spin'^(y, i^), if we take 
the quotient of C'^{Y, K) by the subgroup of elements of the form [x, with z < 0, 
we are left with a chain complex naturally isomorphic to CF ^ {Y, ^~k^n^O\y^ ' essentially, 
we forget the filtration. Let v^^^k be the quotient map, taking [x, i, j] to [x, i] ® e^. 

Switching the basepoints w and we have a doubly-pointed Heegaard diagram rep- 
resenting K with the reverse orientation, which we denote —K. Since s^^^(x) = s^, ,„(x), 
the map s : C^{Y,K) — > CT^^Y, —K) that takes [x, i, j] to [x,j, i] is an isomorphism of 
chain complexes - of filtered chain complexes, even, although not with the usual filtration 
on C^{Y,-K). Define h^^K ■ Cr^{Y,K) CF_'^ {Y, E'TkM^My) be equal to v^,-k o s. 
Of course, all of this works with an arbitrary coefficient module as well. We henceforth 
drop K from the notation and write and h^. 

Now, fix a knot K C Y, and a family of diagrams for K. Suppose A'^ is large 
enough so that there is a t-proper diagram in JT for each t G Spin'^(l7v); in such a t- 
proper diagram, choose a small triangle V't with a corner representing t, for each t. Recall 
that for all A'' such that N/i -f- A is not special, there are canonical identifications of the 
Q'y— periodic domains in the Heegaard triple for W'j^ with the q;5— periodic domains; 
and that we have a canonical identification of H^(Y) and H^{Yj\f), via the images of 
H2{Y) and H2{Yn) in H2{W'j^). Any triangle representing -E'K.Af (Sto(V't)) can be written 
as V' = '^t + 4>a^ + 4>a5 + 4>-y6- We define /i'(V') to be h{4>a'y) + h{(pa5)^ where h denotes the 
additive assignments used to define CF^{Yn, t) and CF_'^ (Y, 5w{iPi)\y) , and both h^cjia^) 
and h{4)as) are considered as elements of H^{Y). 

We now can define a map : CF+{Yn, i; M) C+ ^^(y, K; M) by 

^'^^([x,i] ®m) = 

#A?(^)-[y,i-n^(^),i-n,(V')]®e'^'('^)-m, 

weTaCiTi r e 7r2(x, e^-i.-w) I fj,{ip) = o ^ 

\ I =s+(t) J 

where M can be considered to be a module over both Z[i?^(y)] and 'L[H^{Yn)]. 
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Theorem 5.2. Fix a family of doubly-pointed standard Heegaard triples for K, and a 
IjIH^ {¥)] -module M. Write ^(t) for £'x,Af (s_ft:+(t)) . If N is sufficiently large, then there 
are t-proper diagrams inducing commutative squares 

f+ , 

CF+iYM,t;M) '"^^'^^'^ CF+iY,BK+{i)\Y;M) 



and 



f+ 

— W' S ft) 

CF+{Y^,t-M) ^^Ulzl^ CF+{Y,5K-{t)\Y;M) 

C+^^{Y,K;M) CF+{Y,5kAI)\y;M). 

In each square, the vertical maps are isomorphisms of relatively Z-graded complexes over 
Z[U] 0Z[H^{Y)]; the righthand maps are each multiplication by elements of H^(Y), 
which depend on how precisely the maps ft^, are fixed. 

Proof. Let us start with the claim that '^^^ is an isomorphism. It is clear from the 
definition that it is a chain map. We also need to check that, as defined, ^^^^ indeed 
does take CF ^{Yn, t; M) to C^^^_^{Y,K]M). For any homotopy class ip of triangles in 
7r2(x, 675, y) representing Sx+iS)-, we have that 



Then, according to Equation 11 [y,i — nw{ilj),i — nz{ip)] G T(^(t)). Of course, twisting 
plays no role here. 

For each point x G n representing t, we have a canonical smallest triangle V'x S 



3.4 



assuming 



7r2(x, 0^5, x') supported in the winding region. According to Proposition 
N is sufficiently large, this triangle satisfies s^(V'x) = Sx+(t) and 5z{ip:x.) = 5x_(t). 

Let ^'q' be the map which takes [x, i]0m to [x', i—ny^{ipx) '^'^^^®m. This 
map is an isomorphism, owing to the fact that only one of rau,(^x) and nz{ipyi) is nonzero 
(indeed, this is why we need to work with CFK \i > or j > 0}); twisting also has 
to be considered here, but ends up having no effect due to the canonical isomorphism 
H^{Y) = H^{Ym). Since fj^M{ip^) = 1, the map ^'g is also a summand of In 
fact, making the area of the winding region sufficiently small, every other summand of 
^'^^ lower order with respect to the energy filtration, as defined in [12]. The 
argument from that paper then applies, showing that '^^^ must also be an isomorphism. 
Hence, it is clear that the top square commutes, for both the top and bottom horizontal 
maps count precisely the same triangles, with coefficients differing by a constant factor 
in H^{Y). 
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Switching the basepoints w and z, we can say the same for the bottom square: in 
the context of this diagram, the map "^^j^ counts the same triangles, but with respect 



to the basepoint z these triangles represent 5K-{i) instead, again by Proposition 3.4 



(Of course, w and z lie in the same component of S \ a \ 7, so that Su,(x) = s,u,(x) for 
xGT„nT^.) □ 

5.3. The Kiinneth Formula. Finally, we will need a version of the Kiinneth for- 
mula for behavior under connect sums. Recall that given two relative Spin*^ struc- 
tures E Spm^{Yi, Ki) for i = 1,2, there is a notion of the connect sum Ci#C2 S 
Spm'^{Yi^Y2, Ki^K2). To define this, fill in to get a particular vector field on Yi 



11 



which is tangent to Ki. Consider points pi G Ki, and take sufficiently small balls Bi 
around pi so that the filled in vector fields are normal to dBi at two points, one "going 
in" , the other "going out" . Now, remove these balls and glue the complements together 
along the boundaries so that the vector fields match up; remove a small neighborhood 
of i^i#i^2 to get C,M2. 

The gluing is equivariant with respect to the inclusion maps on relative second coho- 
mology; e.g., if a G H^{Yi,Ki), and i* : H^{Yi,Ki) H^{Yi#Y2, Ki#K2) is induced 
by inclusion, then (^1 -|- a) #^2 = + i*{a). 

Of course, the connect sum of two knots equipped with reference longitudes is canon- 
ically equipped with a longitude. With respect to this, we have the following. 

Lemma 5.3. gi^i#X2(Ci#6) = QkA^i) + 9i^2(6)- 

Proof. In the definition of qx, Equation [TJ both terms add under connect sums. That 
the first term adds can be seen by explicit drawing a diagram for the connect sum; that 
the second term adds is straightforward. □ 

Note that H'^{Yi#Y2) = H^{Yi) H^{Y2) canonically. Thus, if Mi is a module 
over Z[H'^{Yi)] for i = 1,2, then Mi 0z M2 is a module over Z[H^{Yi)] Z[H^{Y2)] = 
Z[HHYi#Y2)]. 

Theorem 5.4. For rationally null-homologous knots Ki C Yi and K2 C Y2, and relative 
Spin'^ structures ^1 G Spin'^{Yi, Ki) and ^2 S Spin'^(Y2, K2), there is a Z^l^-filtered chain 
homotopy equivalence of complexes over Z[C/] ® ^^[H^ {Yi^Y2)\ 

CFK ^ {YuKi,ii-Mi) (di.[ufFK^ (I2 , , 6 ; M2) ^ CFK ^ {Yi#Y2, Ki#K2, ^iM2; 
Proof. This is a routine adaptation of the argument from |10) . □ 



6. Twisted Surgery Formula 

We now combine the results of the previous two sections, to achieve results akin to 
Theorem 6.1 of [H]. 

Let -ftT be a special knot, and to G Spin"^(yo) an ^-torsion Spin'^ structure. Choose some 
too G eoo(to), and write for - iPD[K], -^^^MiMl] ^ Spin'=(y, K). 
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Define the map 
so that X G C^-(y^ ^) Soes to 

%(2;)e%(x) G CF+(y,Gj^(ei)) eCF+(y,Gxte+i)). 

Even though GK{Ci) = GxiCi+d), we treat the corresponding summands as distinct. 

Theorem 6.1. There is a quasi-isomorphism from M(/j^^) to CF ^jYn, to). Further- 
more, M(/^ ^) admits a relative T^-grading and a U -action which the quasi-isomorphism 
respects. 

We prove this in a number of steps. For the first, we set some notation. 

Fix a family of standard diagrams for (Y,K). For the rest of this section, every 
chain complex we speak of hereafter will be isomorphic to one calculated from an element 
of T. 

For t G Spin'^(yAr), we write 



5^(t) = SK+{t) - k ■ PD[F']|^, . s^(t) = SA'_(t) + k ■ PD[F'] 



W' 



for A; > 0, where sx±(t) G Spm^{W^) are as described in Section 2.5; when k = 0, we 
drop the superscript. We can write 

teSiv k>Q 

with notation as in the statement of Theorem 14.51 Then define 



Lt X] (/^+(t) +/^_(t))' 

teSjv 

i.e. the summands of for A; = 0. 

Proposition 2.4 says that under the assumption that to is /i-torsion, ©oo(to) ^-nd 
SAr(to) consist of torsion structures, so that CF '^(Ym, 6/v(tn)) and CF ~^(Y, 6fy,(tn)) 
come equipped with absolute Q-gradings, which extend to CF^ {Yjy, S7v(to)) (8)Z[Z] and 
CF ~^(Y, 6nn(tn)) (8) Z[Z]. Furthermore, the usual untwisted grading shift formula still 
holds, so that if x is a homogenous element of CF + {Yn, t) Z[Z], then 

(12) gr{/:(.)) - = ^ cM+1 

if N is large enough so that W'jy is negative definite. 

Proposition 6.2. Fix an integer 6. Then for all sufficiently large N, if U^x = for x 

in CF+(y7V,©Jv(to)) «)Z[Z], then f^{x) =/+(x). 
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Proof. Choose a particular value of N. Let us find sufficient conditions so that f^{x) = 
f~^{x) when U^x = 0, in terms of A^. 

Take x to be a homogenous generator of CF^{Y]\f,t) Z[Z] which satisfies U^x = 0, 
where t G SAr(to) and the chain com plex is constructed from a t-proper diagram. If 
X itself is nonzero, then Theorem 



5.2 



guarantees in particular that f^^^^-^i^) / 0. Of 

course, we also have ,,^(x) = 0. Since there are a finite number of intersection 

points in CiTs, it follows that there are two constants and L^, depending only 
on 6 and on the family J^, such that 

L^<Sr{ll^,^{x))<L+. 

The same can be said of f"*" ,,Jx). 

Using the grading shift formula ( |12[ ) and the definition of Qk^ we then have that 

and 

gK/J(t)(^)) =gi-(/l(t)(^)) 

for fc > 0. Then, a sufficient condition for f^{x) = f^{x) is that Qk{ — ^jS+(t)) and 
QK{k; 5-{t)) are both less than — for k 0. 

Let us examine Qk{ — ^js+(t)), which we can think of as a quadratic function of 
A; E Q. It is not hard to see that 

Qk{ - fc;B+(t)) = + - «^(^+(^) 

Note first that if > 0, then we have 



- 'JK[^+W) J ^ _2N -Cg -Cg 



[dF']2 \ - -2N -2N' 



recalling Lemma 3.3 Proposition 2.7 and the fact that s+(t) is represented by a small 
triangle. Hence, for any value of e > 0, the value of A; G Q that maximizes Q(^ — k; 5+(t)) 
will be bounded above by 1 + e if our value of is large enough. If our value of N is 
large enough so that this holds with some e < ^, we will then have 

QK{-k;5+ii)) < Qk{ -l;5+it)) 

for all integers k greater than 1. 
We also have (for all A^) that 
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where the inequaUty again comes from Lemma 3.3 and Proposition 2.7 Hence, putting 
the two previous inequahties together yields 

QK{-k;5+{t)) <Cg-N 

for k an integer greater than if is large enough. 

Let us turn to the other function (5x(^;S-(t)). In a completely analogous manner, 
we find that if our N is large enough, then we will have 

QK{k;5-{t)) <QA'(l;s-(t)) 

for all integers k greater than 1. To find an upper bound for Qk{1', 5-{t)) , recall that 
this is equal to 

Cf(5i(t)) - cf(B-(t)) _ Cf (5i(t)) - Cf(5+(t)) Cf (5-(t)) - Cf(5+(t)) 

4 4 4 

= Qi^ (2; s+(t)) -Q/r(l;5+(t)). 

The latter is equal to g_ft:(s^(V't)) + 2 ^"^^J , and we observed in the proof of Proposition 
[331 that _ 

qK{Sn.{^t))+2^^^ <Cq-N. 

Hence, 

QK{k;5-{t)) < Qi^ (l;s_(t)) < Cg - N 

for A; > if is large enough. 

Therefore, if our N is sufficiently large, we will have 

Qk{- k; B+{t)) <L^-L+ 

and 

QK{k;5.{t)) <L^-L+ 

for k ^ 0. There are a finite number of t in ©Ar(to); hence, for large enough A^, it follows 
that = /+(x) for all x G CF+fF/y. 6/v(tn)) (g> Z[Z] that satisfy U^x = 0. □ 

Corollary 6.3. Write ^(t) for EK,N{5K+{i)) ■ Ch oose ijy G SAr(to), and let For all 

6 > 0, there is a quasi- isomorphism from M{f}^j^J to CFHYn.&^iin)) are quasi- 
isomorphic for large enough N, where 

S]N,io ■ ®^m^mF']wJY,K) ^ 0cF^(y,G^ (e (t + iPD[F']|yj)) 

is given by taking x in summand i to 
in summands i and i + 1. 
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Proof. This follows from Proposition 6.2 and Corollary |4.6[ via Theorem 5.2 More 



precisely, given 5, choose N large enough so that both Proposition 6.2 and Theorem 5.2 



hold. In the commutative squares of Theorem 5.2 we can clearly replace + with 5 in all 
the groups, and we take M to be Z[i7-'^(y)] ®1j\E\. Summing over Spin'^ structures then 
gives a commutative square 



CF^(y^,ejv(to)) ®n 



E (''5(t)+'ie{t))®i 



where the vertical maps a re is omorphisms of chain complexes, and each sum is taken over 
t G 6Ar(to). Proposition 



6.2 



then says that replacing the upper horizontal map by / 

doesn't change the commutativity. Hence, the mapping cone of the bottom is isomorphic 

to the mapping cone of /"^Lr-j/,, ^ .\ which in turn is quasi-isomorphic to 

— CJ^IijViSjv(to) j (?■''' 

CF^(yo,6^(to)) by Corollary 
with the last claim of Theorem 



4.6 



Finally, comparing the commutative square above 
establishes the Corollary. □ 



Proof of Theorem 



and Miff J 



6.1 



2.9 



When N is large enough A^, Proposition 

are quasi-isomorphic. So combining this with Corollary 
each value of 5 a quasi-isomorphism 



show that M(/(^) ) 



6.3 



we have for 



CF^(yo,e^(to)) 



for all large A^. The latter is just CF ^jYo, tn). Specifically, since there are only finitely 
many Spin'^ structures for which the homology is non-trivial, we can choose large N so 
that Sq^ (to) \ {to} doesn't contain any of them. 

We need only replace each 5 with a +. But, in fact, this can be done directly: it is 
straightforward to work on the chain level to show that the corresponding map 



CF+[Yo,&Uh)) 



is in fact injective and surjective on homology. 

Each summand of 0^^^ C|;(Y', i^) and 0jcz CF ^ {Y, GKiEi)) admits a relative Z- 
grading, as is always the case for twisted coefficient Floer homology: if two generators 
are connected by a disk, that disk is unique, and the grading difference is the Maslov 
index of this disk. We can extend this to a relative Z-grading on the entire mapping cone, 
by demanding that /J ^ lowers grading by one. It is now easy to see that if:^ respects 
relative Z-gradings, by simply inspecting Maslov indices of polygons in the diagram. 
There is also the [/-action on the mapping cone induced by that of the summands; ^j)'^ 
clearly respects this also, and the action lowers the relative Z-grading by 2. □ 
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7. Computations 

For the computations we are interested in, we will need to compute the twisted filtered 
chain complexes for two different families of knots: the Borromean knots Bg and the O- 
knots Op^q. The Borromean knot Bi is gotten by performing 0-surgery on two of the 
components of the Borromean link in S^, thinking of the last component as a knot in 
X S'^i^S^ X 5^; the Borromean knot Bg is the g'-fold connect sum of Bi. The knot 
Op^q is obtained by performing — p/g-surgery along one component of the Hopf link in 
S^, and thinking of the other component as a knot in L{p, q). 

We make computations for these knots, and then we proceed to our final results. 

7.1. The Borromean knots Bi. We first want to calculate C'^{#'^S^ x S'^,Bi) for 
^ £ Spm^{#'^S^ X 5"^, Bi). As it will turn out, we need only consider those relative Spin'^ 
structures in G^|(tBi), where t^^ is the unique torsion structure on #^5^ x S"^. So, let 

be the unique structure in G~^^{tBi) that extends to a torsion Spin'^ structure over 

(which is 0-surgery on Bi), and let Cb, denote + fcPD[/x]. 

Our calculations are essentially carried out in but we want to detail the result. We 
adapt the following Lemma from that paper. Let R denote the group ring 'L[H'^{^'^S^ x 

Lemma 7.1. For ^ G Spirf[if^S^ x S'^,Bi), we have 

0, otherwise, 

where A* {Hi{#'^S^ x 5^) 0^ R) is absolutely Q-graded with A* {Hi{#'^S^ x S^)) sup- 
ported in grading level 1 — i. Also, 

Proof. Specifically, these are results of Section 9 of [4 . Essentially, the assertions all 
follow from the observation that a long exact sequence analogous to the one for untwisted 
HFK holds for HFK , along with prior results regarding the untwisted analogues. □ 

In Figure 4, we exhibit an explicit weakly admissable Heegaard diagram for (#^5"^ x 
S'^,Bi). It is not hard to verify that there are four intersection points in our diagram that 
represent t^^, which we will denote yi = {pi,P2,r},y2 = {Pi,q2,r},y3 = {qi,P2,r}, and 
y4 = {QiTQ2ir}. There are four other generators representing different Spin'^ structures, 
but it is not difficult to adjust this diagram to get a different weakly admissable diagram 
with these structures not represented. Hence, C_'^{#'^S^ x S'^,Bi) vanishes for ^ not 

equal to for some k. Of course, since t^^ is torsion, this diagram is also t^i-strongly 
admissable, and so going forth, we mig ht as weh just look at C^t {#^S^ x S^,Bi) = 

CFK °^(#^S^ X instead of the quotient version. 

From the Lemma along with a quick examination of the diagram, it is clear that 
yi,y2,y3, and y4 have respective absolute Q-gradings of 1,0,0 and —1; and they there- 
fore represent relative Spin'^ structures £,b-^,£,Bi7^Bi S,]^^, respectively. (In fact, the 



HFK{#^S' xS^Bi,0 



TWISTED FLOER HOMOLOGY OF MAPPING TORI 



41 







* 


* 




































































fii 




















' eta 






as 





Figure 4. An admissable doubly-pointed Heegaard diagram for {jf^S^ x 
S^,Bi). The outer square and inner square are feet of a 1-handle, the 
upper left and lower right triangles are feet of another and the upper right 
and lower left triangles are feet of a third. The points Pi,qi,P2,Q2 and r 
are components of the generators yi,y2,y3, and y^. 

untwisted chain complex CF{#'^S^ x 5^,1^^ is generated over A* [Hi{#'^S^ x 5^)) by 
yi.) Given this, we can write 

Cg. (#2^1 X S^Bi) - C^i (#2^1 X S^B,) 

as a Z © Z-graded group, with summands given by 

C^i (#2^1 X B,) - a]^'~^-' {H^i#'S' X S') ©z R) . 

Precisely, the summand Cfjf^Hi^^S^ x S^,Bi) is a free module over R generated by 

[yi,i,i — k + l], lying in absolute Q-grading 2i + l; and the other summands are described 
analogously. 

Now, note that we have a Z-filtration of C_ck {if^S^ x S^,Bi), with filtration level 
£ the direct sum of those {if^S^ x S'^,Bi) with i + j < ^. This gives rise to a 

^Bi 

Leray spectral sequence, which has term comprised of the group HFK (#'^S^ x 
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+ {i — j)PD[/i]) in level and E'^ term the associated graded group of 

We can therefore easily see that do, the differential on the term of the sequence 
(or equivalently the portion of the differential that doesn't lower filtration level), must 

vanish, for otherwise the rank of HFK (#^S^ x S'^,Bi) would be too small. Then, 
observe that the Q-grading on all of Cf(^{if^S'^ x S'^,Bi) is equal to i + j + k; thus, 
simply for grading reasons, the differentials dg for £ > 2 all must vanish. Thus, the only 
non-trivial differential in the spectral sequence is di. In particular, the differential on 
the filtered chain complex C^fc (#^5'^ x S'^,Bi) can be written as V + H, where V takes 

C!;i (#251 X S^Bi) to c!;tH#^S'^ X 52,^1) and H takes C!;i {#^S'^ x 52,^1) to 

C'-''^{#^S'xS^Bi). 

Let us look at V. To do this, observe that there is also a spectral sequence from 
the induced filtration on CFK (#'^S'^ x S"^, Bi,£^^^) which converges to the associated 

graded group of HF{#^S'^ x S'^,tB,). (The group CFK (#^S^ x S^,Bi,Cbi) can be 
viewed as the i = column of C_tk {i^'^S^ x S'^,Bi), or with any of the columns after 

minor adjustments.) Of course, this spectral sequence also collapses after E^. The 

then, dictates that V should be injective on Cfjl~''~^^{#'^S^ x 



last claim of Lemma 

^2 





S'^,Bi), and that the image of V\^,i,i-k+i^^2si^s2 b-^^) should be exactly the kernel of 

y \ fji,t-k giy.g2 Bj^)^ otherwise there would be elements of the wrong absolute grading 

living past E^ in this spectral sequence. The fact that the E°^ term is rank one over Z, 
supported entirely in grading —2, also implies that V\^i,i-k giy^g2 b^) cokernel Z 

mC^;!:-'^\#^S^xS\B,). 

It is clear that the remarks in the last paragraph apply equally to H, aside from changes 
in the notation. To be precise, we wrap everything up in the following proposition. 

Proposition 7.2. Let € Spin'^{#^S^ x S^,Bi) be the relative Spirf structure that 
induces torsion ones on if^S^ x 5^ and , and let = + /cPD[^], where /i is the 
oriented meridian of Bi. Then, QBii^Bi) ~ 

Write A* for A|j [Hi{#'^S-^ x S^) 0^ i?). We also have an isomorphism 0/ Z © Z- 
filtered modules 

"'^ [0, otherwise, 



where A* is supported infiltration level (0, 1 — i), and the curly braces denote the filtration 
level shift. 



TWISTED FLOER HOMOLOGY OF MAPPING TORI 



43 



Under this identification, the differential on C_ck {i^'^S^ x S'^,Bi) is given by a map 

V + H, where V and H lower filtration level by (0, 1) and (1, 0) respectively, and act in 
the following manner. There are exact sequences of R-modules 



and 



^ AO ^ ^ A2 ^ Z ^ 



^ A2 ^ Ai ^ AO 



such that V\i<^2 and H\f^o are both zero maps. 

Proof. That QBii^Bi) = is clear, and thus qBiiCsi) ~ holds for all k. The sequences 
are not explicitly mentioned above, but they are clear from the discussion. □ 

Denote by the particular chain complex C^O^'^S^ x given above, with 

Consider the chain complex Cq, for the structure obtained when we switch the 
basepoints w and z. Obviously, Cq is chain homotopy equivalent to Cq; the algebraic 
structure of Cq is clearly equivalent to that of Ck, except with filtration levels switched. 
So, for example, in filtration level (0, 1), Cq has the group generated by [yi, 0, 1], while Cq 
has the group generated by [y4, 0, 1]; in filtration level (1,0), Co has the group generated 
by [y4, 1,0], while Cq has the group generated by [yi, 1,0]. By a minor abuse of notation, 
it makes sense to call the portion of Cq in level {i,j) by the same name A^+J-* as the 
portion of Cq in level (j, i) . We also retain the names of the components of the differential, 
although now V lowers filtration level by (1,0) instead of by (0,1), and vice- versa for H. 

Let : Co — > Cq be a filtered chain homotopy equivalence. The restriction of ip to 
an individual filtration level is easily seen to depend not on the precise filtration level, 
but only on the groups A* and A^~* lying in the filtration level in each of the complexes. 
So let * : A* ^ A^~* be the appropriate restriction of ip. We have in particular the 
commutative diagram 



- 


AO 


^ Ai 


^ A2 - 


Z - 







*i 


*i 


*i 


I 




- 


A2 


^ Ai 


^ AO - 


z - 






where the rightmost horizontal arrow is an isomorphism, and the rows are the exact 



sequences of Proposition 7.2 



For general k, we have similar remarks, except that they relate Ck with a chain complex 
C'_i^ for the structure At the point in the discussion where they are relevant, we 
can use precisely the same maps * as before. 

7.2. O-knots. For the 0-knot, of course, non-trivial twisting doesn't occur, as the ambi- 
ent manifolds are rational homology spheres. Nonetheless, we take a close look at them, 
since we want to carefully write down what relative Spin'^ structures the generators lie 
in. 
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Figure 5. A standard Heegaard diagram for W'j^, where K = 05^3. The 
marked points are xx(n) for n = 1, . . . , 5. The domain of the triangle V'n 
is shaded in. 



Let K = Op^g] we restrict to the case p,q > 0. In Figure 5, we depict a standard 
doubly-pointed Heegaard triple for K, equipped with the 0-framing as the longitude 
A (i.e., surgery along this longitude is the same as surgering the Hopf link in with 
coefficents — | and 0). Hence, Y^s is L{p, q); and, for ease of computation, we choose 7 so 
is surgery on K with framing fi + X. We write W'j^ for the cobordism Xa-/S filled 
in by along Yys- This cobordism can also be described as the orientation reversal of 
the cobordism obtained by attaching a 1-framed 2-handle to K. We fix orientations for 
the circles, and label the points of n T5 by XK{n),n = 1, . . . ,p, as shown. 

Let V be the periodic domain such that dV = —a + pj — {p + q)5 and riyuiV) = 0. 
The placement of basepoints specifies an orientation of K; with respect to this, the class 
[dF'] which generates H2{W'^) corresponds to this domain. 

For each n, we have a small triangle V'n £ 7r2(y, ^■y5-,'^K{n)) through one of the points 
y G TckHT^, which has multiplicity at both basepoints. We calculate using Proposition 
EH that 



{ci{5^^-A-^K{n)),<l)~\[dF'])) =2p-2n+l, 

recalling that we have an isomorphism : H2{Y, K) H2{W'j^). If [fj] G Hi{L{p, q)\K) 

is the homology class of an oriented meridian of K, then (PD[/z], (1)*^ {[dF'])) = p, thinking 
of PD [/i] as an element of H'^{L{p, q),K). Thus, 

(ci (5^,,(xx(n)) + mPB[fj]),(l)-\[dF'])) = 2(m + l)p - 2n + 1. 



We can also identify s^(V'n) using the Chern class evaluation formula (12 ); we get that 



{ciisUi'n)),[dF']) =2p + q-2n+l. 
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Furthermore, the initial defining Equation|5jof Ek^n shows that Ek^i (s«,(V'n)) = ; 
then Proposition |2.6| shows that 

EK,i{5y,{'il^n)+m(l)*^^{VV)[^i])) =s^^^(xi^(n)) +mPD[;u]. 

With respect to the orientation on Op,g, it is not difficult to see that k = so that 



V 



^ = - 1. Hence, 



qxis^ JxK{n)) +mPD//) = IH = h 2m. 

' ' ^ p p p 

In addition, observe that s^^(xx(l)) — 5^ ^ (x/^(g + 1)) = PD[A]. From this, it is easy 
to extract that 

p 

Each of the intersection points in H lies in a different absolute Spin'^ structure; 
hence we infer that all differentials in the complex vanish. So, it is straightforward to 
manipulate the above to get the following summation. 

Proposition 7.3. Take p,q > 0, and let K = Op^q, equipped with the 0-framed longi- 
tude X (as described above), with oriented meridian fi. Then for each r € Z, there is 
precisely one relative Spin^ structure ^Jp^ with qK{ip^q) = '^^~p~^ , o,nd Spin'^{L{p,q),K) 
is composed of precisely these structures. (So, denoting GxiCp^q) by ip q, we have that 
\!plq' = tp and of course SJpq = [t^ g, ^^-^7—^] ■) Furthermore, we have 

C^rjL{p,q),K)^Z[U,U~% 
generated over X by a single generator in grading ii,i— [2;^J J for each integer i; and 



e;, + PD[A]=e;+^. 

7.3. The full filtered complex. Now, we describe the chain complex we are ultimately 
interested in, that of Bg^'^^^Op^^q^. Denote this knot by K, and let Y be the ambient 
manifold for K. 

Denote #f=2^Bi ^y ; and let ^(j; n , • • . , r„) = • Write t(ri , . . . , r„) 

for GK{^{j;ri, . . . ,rn)). Also, let 



n 

Pe - re 



Pe 
1=1 



Proposition 7.4. Take Y and K as above. Let R = Z[H\#^9S^ x S^)], and write A* 
for A|j (^Hi{#'^^ X S^) 02 Rj. If ^ = £,{j;ri, . . . ,rn), then there is an isomorphism of 
Z © Tj- filtered modules 

C^{Y,K)^^A*{i,i-^m 
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where A* is supported in filtration level {0,g — i), and the curly braces denote the filtration 
level shift. If ^ is not of the above form, then C_^(Y,K) is trivial. Under this identifi- 
cation, the differential on C_^(Y,K) is given by a map V + H, where V and H lower 
filtration level by (1, 0) and (0, 1) respectively, and act in the following manner. There is 
a map * : A* — > A^^~* (depending only on g and i, not on Y and K) and a commutative 
diagram of R-modules with exact rows, 

V V 











AO 



H 



Ai 

*i 



H 



H 



A25-1 


^ A2^ - 


Z - 





*i 




I 




Ai 


^ AO - 


z - 






such that the rightmost horizontal arrow is an isomorphism, and V\f^2cj and H\f^o are 
both zero maps. 

Proof. First, consider the case where n = 0, that is, when we are looking at one of the 
Borromean knots Bg. The Kiinneth formula then shows that the groups of our chain 
complex are as described, and that the differential still is the sum of a horizontal and 
vertical differential. The claimed exactness of the rows of the diagram can be verified by 
an induction argument on g. This involves some diagram chasing, and utilizes the fact 
that the exterior algebras are free i?-modules. We omit the details. 

The maps * are components of a filtered chain homotopy equivalence between a chain 
complex of the form described and a chain complex obtained by switching basepoints, 
similar to those described after the statement of Proposition |7.2[ The discussion there 
carries over to show the claims stated here. 

When n 7^ 0, the computation for O-knots shows that the only affect that these have 
on the complex is to shift gradings. □ 

Now, take to G Spin'^(yo)) and let us assume that to is /i-torsion. Suppose that to 
extends over Wq to a Spin'^ structure s G Spin^(l^o) for which s\y = t(ri, . . . , r„). 

- ^^i^^^'t^"^!^ _ Therefore, the relative Spin*^ structure used in 

(ci(to),[55]) ' 

d 



We have qxi^) 
Theorem 



6.1 



will be given by 



5\y 

1 ^TJ, ■ 



also write as \ n — zgi, . . . 



-iVT>[K\, 

-iq, 



. It is easy to see that we can 



2ii + 



for some ji ; this value must satisfy the equation 
-Pi -I (ci(to),[Ss]) 



1=1 



Hence, 



(ci(to),[(i5]) 
2d 



+ E 

£=1 



2P£ 



d 



{re - iqi) 
Pe 



Let r]{i) = r]{^i). We compute 



— jcijU)), [dS]) , v^n 1-pi , Ve-{re-iqt) 
'/V'J — 2d ^ l^£=l 2r,o pi 



2d ^ ^£=1 
(ci(to),[5§]) . l-pi 



2d 



1=1 2pe 



+ 



\ PI / ' 



Pt-jrt-iqt) 
Pe 
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where the curly braces denote the fractional part, {x} = x — [x\ 

8. Proof of Main Theorem 



We now only have to compute the homology of the complex of Proposition 7.4 
For simplicity, let us work abstractly. So, for a nonnegative integer g, let us suppose 
that we have 

• 2g + 1 i2-modules Mq, Mi, . . . , M2g over a ring R; 

• maps V : Mi^ Mj_i and H : Mi ^ Mj+i for < i < 2g, where M„i and M2g+i 
are taken to be trivial; and 

• a map * : Mj M2g-i for < i < 2g. 

(So, R plays the role of Z[H\#'^ss^ x and Mi plays the role of A'^^-i as in the 
previous section; we find some convenience in the switch of indices in the latter.) We 
want these to satisfy 

• VH + HV = 0; 

• there is a commutative diagram 

^ Msg M2g-l ^ ... ^ Mo ^ Z ^ 

(13) *i *i *i i 

— > Mo Ml ... Mag — > Z — > 

with exact rows, where the rightmost horizontal arrow is an isomorphism of R- 
modules. 

Next, suppose that we are given a periodic string of integers . . . , ?/(0), 7?(1), . . . , r]{d — 
l),ri(d) = ??(0), . . .. Corresponding to each integer p, we have two Z © Z-graded groups, 

0<m<2g,ieZ 0<m<2g,ieZ 

with summands given as follows. Given i,p and m, let j = i — rj{p) — g + m. If 
max{i, j} > 0, then Lm{i) = Mm is concentrated in grading level (i, j); otherwise, Lm{i) 
is trivial. If i > 0, then Rm^i) — M^ is concentrated in grading level (i,j); otherwise, 
Rmii) is trivial. There is an obvious quotient map qp : ^ RP. There is also a U- 
action on each and R^, taking a summand in grading level {i,j) to the one in level 
(i — 1, J — 1), by either an isomorphism or the zero map. 

We refer to © R^ as page p. Extending the metaphor, and R^ will be referred to 
as the left side and right side of page p, and the sum B = ©pg^ © R^ will be referred 
to as the book. 

If X G Lm{i), define maps and from to itself by 

y/'(x) = VxG L^_i(i), H^{x) =HxG L^^^^ii - 1), 

taking Vx or Hx to be zero if the target summand is trivial. Define and Hp similarly, 
except replacing all L's with ii's. Then, define 

^P = ^p + Pp = V^ + Hp. 



48 



EVAN FINK 



Also, define Sp : LP ^ RP+^ by 

Sp{x) = *a; G - r]{p) -g + m). 

An illustration of the geography of all this algebra is shown in Figure 6; in terms of this, 
Sp takes column i on page p to row i on page p + 1. 

It is easy to see that under our assumptions about V,H and *, we have 

(14) QpO Xp = PpO Qp 

and 

(15) SpO Xp = pp^i o Sp. 

Using the above, we turn a book B into a chain complex, with differential D : B ^ B 
given by 

D = y^^Xp + pp + qp + Sp. 



Convention: For simplicity, when working with elements in a book, we will ignore 
signs (i.e., we "work mod 2"); adding these in to make the arguments work precisely is 
st r aight f or war d . 

Lemma 8.1. The map D is indeed a differential; the maps Xp and pp are as well, and 
hence the maps Qp : LP ^ RP and Sp : LP ^ RP~^^ are chain maps with respect to these 
differentials. 

Proof. That Ap = and = are straightforward consequences of the assumption that 
VH + HV = 0. The map D will be a differential if A^ = and pp o (pp + Qp + Sp-i) + 



QpO Xp + Sp^i o Ap_i = 0. Equations 14 and 15 show that the latter does hold; they also 



show that Qp and Sp are chain maps. □ 

We endow B with a Z-grading as follows. Let f{p) be defined by 

/(O) =g- r?(0) + 1, f{p + l) = f{p) + r]{p) + 7?(p + 1). 

Then we set the summand of 1/ lying in Z © Z-grading (i,j) to lie in grading level 
i + j + fip), and the summand of RP lying in grading (i,j) to lie in grading level 
i + j + f{p) + 1. We henceforth refer to the Z © Z-grading as the page grading. It is 
easy to see that the differential D lowers the Z-grading by 1. Notice that if Rm{i) lies 
in Z-grading s, then m has the same parity as s; and if Lm{i) lies in grading s, then m 
and s have different parities. 

8.1. The homologies of LP and RP. The differentials Ap on LP and pp on RP also 
respect the grading we have introduced. So, we now carry out the computation of 
Hs{LP, Xp) and Hs{RP, Pp), which we hereafter write as Hs{LP) and Hs(RP). A level s in 
LP is considered trivial if the intersection of grading level s with LP contains only trivial 
summands, and similarly for RP. 

We start with a preliminary Lemma. 
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Ma Ms 
Ah Ms 
Ah Ah AI^ A/i Ajfo 
-Ms—Ai-2—AI;—Ah 



Figure 6. The top two grids represent groups (left) and (right); 
the bottom two grids represent L^^^^ and R^^^. Here, g = 2, ri{p) = and 
r]{p + 1) = —3. (So ri{p) measures where the middle group Mg intersects 
the i-axis.) The red-circled group lies in page-grading (0,1), and it is 
denoted by ^^3(0); the blue-circled group lies in page-grading (1,1), and 
is denoted by R^2i^)- '^^^ arrows show where each map takes -^^3(0) or 
i?2(l)j note that these two groups lie in the same level, since the targets 
of Qp and Hp coincide. Of course, Xp = Vp -|- Hp and pp = -|- 
the maps Ap and pp always take a diagonal with slope -1 to the next such 
diagonal to the left. The map Sp takes the green box in the upper left 
grid to the green box in the lower right grid, with the page-grading level 
containing Mj in the top going to the page-grading level containing M4_i 
in the bottom. 
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Lemma 8.2. For x G Mi with i > 1, Vx G ImyifnMj_i if and only if x G ImF + Imi7; 
and ImVH PI Mq «s trivial. For x e Mi with i <2g — 1, Hx G ImVH D Mj+i i/ and only 
if X E ImV + ImiJ; and ImVH PI «s trivial. 

Proof. Wc prove the first pair of statements; tlie second pair is similar. Suppose x G Mj 
with i > 1, and Vx = VHy for some y G M(_i. Then x + i^y G Ker V = Im y, so 
X + i/y = for some z G Mj. Hence, x = Hy + Vz G Im y + Im H. Conversely, if 
X e Mi with i > 1, and X = Hy + Vz, then Fx = VHy + FFz = VHy G Im Fii". 

If a; G Mo, then Fffx = i/l^x = HO = 0. Since FiJ takes Mj to Mi, this shows that 
the image of VH in Mq is trivial. □ 

The following computation is essentially that of HF ~^(#'^^S^ x S'^) in the torsion Spin*^ 
structure, but we go through it carefully. 

Proposition 8.3. There is an isomorphism 

H (EF) ~ / ^ if s is even and a non-trival level in BP 
^ 1 otherwise. 



Proof. We continue to ignore signs; we also suppress also sub- and superscripts of V and 



In any non-trivial even level of BP, write an arbitrary element as x = xq+X2 + ■ . .+X2r, 
where for some iq > 0, we have 2:2m G -R2m(^o ~ ^) for < m < r, with r = minjio, g}. 
Likewise, in any non-trivial odd level of BP, write an arbitrary element as x = xi -|- 
X3 + . . . + X2r+i, where for some io > 0, X2m+i € -^2m+i(^o ~ fo^ < m < r, with 
r = minjio, g — 1}. 

Let us first compute Hs{BP) for s a non-trivial even level. To start, let us suppose 

that X = xq + . . . + X2r is a boundary in an even level of B^. This is equivalent to the 
existence of yi,y^, . . . ,y2r-i and y2r+i (the latter of which we take to be if r = g) 
which satisfy: 



where we have arranged the equations suggestively. 

Let us find under what conditions the above system has a solution. Clearly, xq must 
be in the image of V to solve the first equation. Next, suppose that we are given yi 
and xq = Vyi. Then the equation Vy^ = X2 + Hyi will have a solution y^ if and only 
if Vx2 + VHyi = 0. But VHyi = HVyi = Hxq; hence, the first two equations will be 
solvable when xq is in the image of V and Vx2 = Hxq, and this statement of course does 
not depend on what y\ is. 

Going forward, the same argument shows that given xq, . . . , X2r, existence of a simul- 
taneous solution to all the above equations is equivalent to satisfying the conditions 



H. 



Vyi = xo, 
Vy2i+i = X2i + Hy2i-i for < i < r, 
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On the other hand, x is a cycle if and only if it satisfies at least the second condition 
above. We claim that for any given xq, we can find X2, X4, . . . , X2r such that x will then be 
a cycle. Given this, we can show that Hs{RP) = Z as follows. If x and x' are two cycles 
with xq = Xq, then it is clear that, writing y for x+x', that yo = and ^^21+2 = Hy2i for 
< i < r, so that y is a boundary and hence x and x' are homologous. So the homology 
class of any cycle x is determined by xq. By our claim, xq can take on any value in Mq, 
so we have a homomorphism from Mq to Hs{BP), and the kernel must clearly be the 
image of V. Thus, Hs{RP) will be isomorphic to Mo/Im(l/ : Mi Mq) ^ Z. 

To see the claim, note first that since Vxq = 0, it follows that HVxq = VHxq = 0. 



Hence Hxq is in the image of V by the exactness of the top sequence of ( 13 ) , guaranteeing 
the existence of some X2 satisfying Hxq = Vx2. Next, VHx2 = HVx2 = HHxq = 0; so 
Hx2 is in the image of V, and write Hx2 = Vx^. We continue this process until we have 
constructed X2r- So, we have shown the claim. 

For the case where s is a non-trivial odd level, a similar argument to the one used 
above shows that x = xi + X3 + . . . + X2r+i is a boundary if and only if 

xi G Im V + Im H 

and 

Vx2i+i = Hx2i~i for < i < r. 
However, note that the first condition is equivalent to Vxi = 0, as a consequence of 



Lemma 8.2 Note also that ii r = g — 1, the condition that Vx2g-i = Hx2g-z implies 
that HVx2g-i = = VHx2g-i-, which implies that Hx2g-i = since V is injective 
on M2g] therefore, these conditions are precisely those under which x is a cycle. Hence 
Hs{EF) is trivial. □ 

For the computation of Hg^L^), we make some more definitions. 

A level s in is called a stradler for U' if the summands of level s lie in page-gradings 
(i, j) with i+j < —2, and there is both a non-trivial summand of s in some page-grading 
(i, j) with i < and a non-trivial summand of s in some page-grading with j < 0. 
If < /c < 2g, a level s for is called a k-corner for if there are two non-trivial 
summands of s, L^_-^(0) and — 1), which respectively lie in page-gradings (0, —1) 

and (-1,0). 

Also, define fq{p) = f{p) — r]{p) — g. Then it is easy to check that level s on page 
LP will have non-trivial summands with i > if s > fq{p)', that this level will have 
non-trivial summands with j > if s > fq{p + 1); and if both of these hold, that the 
level will be a stradler or a A;-corner if s < f{p) — 1 or s = f{p) — 1, respectively. 

Proposition 8.4. // s is not a k-corner for some k, then there is an isomorphism 

{Z © Z if s is an odd stradler 
Z if s is any other odd non-trivial level 

otherwise; 

The first case occurs for odd s satisfying s > fq{p), s > fq{p + 1), and s < f(p) — 1. 
In this case, both Hs^i{RP) and Hs^i^K^^^) will be isomorphic to Z; and the maps qp^ 
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and Sp^ will be surjective maps whose kernels have trivial intersection. Among levels 
s which are not in the first case, the levels in the second case occur precisely for odd 
s which satisfy at least one of s > fq{p) and s > fq{p +1). In the second and third 
cases, Hs-i{BP) = Z and qp^ is an isomorphism precisely if s is odd and s > fq{p), and 
otherwise both the group and the map are trivial; and Hs-i{BP^^) = Z and Sj 



IS an 



isomorphism precisely if s is odd and s > fq{p + 1), and otherwise both the group and 
the map are trivial. 

Proof. We again work ignoring signs, and write V and H without sub- and superscripts. 

Suppose the level s is not a stradler. Then, we end up with the same calculation as 
in the previous Proposition except with opposite parity (since we are on the left page 
now): Hs{IJ') is Z is s is non-trivial and odd, and otherwise. To see this, note that if s 
is not a stradler, then the page-gradings {i,j) of the non-trivial summands of s either all 
satisfy i > or all satisfy j > 0. In the former case, the calculation is identical to that of 



Proposition 8.3 The latter case immediately follows by a symmetrical argument. More 
precisely, this follows from the arguments of Proposition |8.3| when notation changes are 
made throughout - mostly switching V^s and H^s and replacing terms identified with 
Mi with terms identified with M2g-i. 

Now, suppose the level s is a stradler that is not a A;-corner. We assume that s is odd. 
Then the non-trivial summands of in level s will be L^^{iQ — m) for m G [0,io] U [5,(7], 
where iq and s are some values in {0, 1, . . . , (7} that satisfy iq < s — 2 (this follows from 
the fact that i + j < —2). It is not hard to see that, in fact, level s of the chain complex 
splits as the direct sum of two separate complexes, one corresponding to the < m < io 
summands, and one corresponding to the s < m < g summands. Furthermore, the 
computations of the homologies of these complexes proceeds just as before, yielding Z. 
Putting them together, Hs{L^) is Z © Z if s is an odd (non-corner) stradler. Similar 
remarks apply to the case when s is an even level, and we get that Hs{L'P) is trivial in 
this case. 

The statements about which of the three cases a level s falls into follow from the 
discussion above. The statements about when Hs-i{R^) = Z or Hs-i{R^~^^) = Z are 
straightforward. To see the statements about qp^ and S'p^, note that if [x] G Hg^LP), 
then (^^^([x]) will be determined by the homology class of xq G Mq/Ito. V if there is 
such a component; likewise, »S'p^([x]) will be determined by the homology class of X2g G 
M2p/Im H. The statement for qp follows straightforwardly from this after examining 
the constructions; the same can be said about the statement for Sp^, after recalling 
the fact that * induces an isomorphism from Mo/Im V to M2g/Im H (the righthand 



isomorphism of ( 13 ) ) . □ 



Now, we finally define the groups ^^{k) of the introduction. 

Definition 8.5. Let for < k < 2g, let ^^{k) be the R-module Im VH n Mk, and let 

0,^{k) be trivial for other values of k. Leaving the abstract setting of this section, the 
above is standing in for the Z[H^{#'^3S^ x S'^)]-module ^l^{k) = Im VH n A'^^~'^ , where 
V, H and A* are as in the statement of Proposition \7.4\ 
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Note that as subgroups of torsion-free groups, the 0,^{k) are all torsion-free as groups. 
Proposition 8.6. If s is a k-corner for some k, then there is a short exact sequence 

^ n3(k) ^ H,{LP) Hs-iiRP) e Hs-i{R''+^) ^ 0. 

If s is an odd level, then IIs~i{R^) — Z and Hs^i{RP^^) = Z, and the kernels of the 
maps Qp^ and Sp^ have intersection 0,^(k). If s is an even level, then Hs-i{R^) and 
Hs-i{R^~^^) are both trivial. 

Proof. This case is similar to the case when s is a stradler, but note that here, the 
level does not quitesplit as the direct sum of two separate complexes, as the group in 
page-grading (0, 0) maps into both "sides of the straddle." 

We work out the case where s is odd in detail; for even s, the argument is similar. For 
such a level, we can write an arbitrary element of s as x = xq + ^2 + . . • + X2g, where for 
some value of k satisfying < < 5 — 1, we have X2m S -^2m(^T^ ~ between 
and g. 

The criterion for x to be a boundary will clearly be the same as if s were a non-trivial 



non-stradler; as in the proof of Proposition 8.3 the criterion is that xq, . . . , X2g satisfy 

xq £ Im V 

and 

^a;2i+2 = Hx2i foi < i < g. 

In fact, it is not hard to see that this also implies that X2g G Im H. On the other hand, 
inspection shows that the criterion for x to be a cycle will now be just that 

k — 1 k — 1 
Vx2i+2 = Hx2i for < i < — - — and — - — < i < g. 

We now construct some subgroups of the group of cycles. First, choose some fixed gen- 
erator Xq of Mq. It is easy to see that Xq represents a generator of Mo/Im V. Then, use 



the process described in Proposition p73l to construct fixed components Xq, X2, ■ ■ ■ ,x^_-|^ 
of a cycle, stopping there, where x* G Mj. We call this cycle X^; let 5*0 be the free 
i?-module generated by this fixed cycle. Likewise, construct a fixed element by a 
symmetric process, starting with some generator of X2g G M2g, and let S2g be the free 
i?-module generated by X^^. Also, let Sk-i denote the i?-module Ker V H Mk-i- 

So, 5*0 © Sk-i © 5*23 is a submodule of the set of cycles. We claim that any cycle is 
homologous to one in Sq © 5^-1 © S2g. To see the claim, let y = yo + • • • + y2g be a cycle, 
with yo = roxl and y2g = r2gxlg for ro, r2g G R. Let y' = y - roX^ - r2gX^g; we show 
the existence of Sk-i G Sk~i such that y' — Sk-i is a boundary, which of course suffices 
for the claim. 

To simplify the following discussion, assume that k ^ l,2g — 1 (modifications when 
l,2g — 1 are straightforward). Start by noting the fact that j/q = 0. So Hy^ = 0; 



since y' is a cycle, Vy2 = Hy'o = G Im VH n Mi. Now, by Lemma 8.2, this means 



that in particular, 1/2 S Im V + Im H; if k > 3, continue by applying Lemma 8.2 



again, to conclude that Vy'^ = Hy'2 G Im VH H M3. Continuing this, we see that 
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Fy2m ^ ^ M2m-i for 1 < m < ^2^. A symmetric argument shows that G 

Im y// n M2m+i for ^ < m < 5 - 1. 



In particular, Vy'j^_^ G Im F// n Mk-2, and so applying Lemma 8.2 twice, Hy'j^_^ G 
Im VH n Mfc; likewise, l^y^+i G Im Vi? n M^. Therefore, Hy',^_^ + t%+i G Im HV , or 
in otherwords, Hy'j^_^ + Vy'i^_^_^ = Hsk-i for some Sk-i G S'fc-i. Now, it is easy to check 
the boundary conditions to show that y' — Sk-i is a boundary (since Vsk-i of course 
equals 0). 

It follows that Hs[LP) is isomorphic to the quotient of SQ®Sk-i®S2g by the submodule 
of boundaries it contains. Now, it is easy to see that a cycle of the form © Sk-i © 
is a boundary if and only if Hsk-i = 0; so there is a subgroup of Hs{U') that is 
isomorphic to Kcr y^nKe? HnMfc 1 • This module is isomorphic to the image of H restricted 
to Ker V n M^-i = Im V n M^-i, which in turn is isomorphic to Im VH n = 0,^(k). 

On the other hand, the maps Qp^ and Sp^ clearly take the cycle vqXq + ^23X2^ + Sk-i 
to, respectively, ro[XQ] G Hs-i{RP) and r2g[X2g\ G Both of the groups are 

easily checked to be Z, generated respectively by [Xq] and [-^Ig]- Therefore, Qp^ © Sp^ is 
surjective. The kernel of this map is composed of cycles of the form vqXq + r2gX2g + Sfc-i 
where vqXq G Im V and r2gX2g G Im H. But the argument used to show that y' is 
homologous to an element of Sk-i can be altered slightly, to work when y' is instead 
taken to be any element with ?/q G Im V and £ I™ H. So, the kernel of qp^ © Sp^ is 
contained in the submodule Q^(A:), and the opposite inclusion is obvious. □ 

8.2. Calculation of H^{B). We now give a relatively simple description of H^{B), and 
then we proceed to prove the formula that computes it. 

Proposition 8.7. Let H^\B) be the quotient of ^^^^ H^:{KP) by the subgroup consist- 
ing of those ®p^i[rp\ such that there exist [ip] G Hs{U') satisfying qp^{[£p\)+Sp-.i^{[£p-i]) 



[rp\. Also, let H^\b) be the subgroup of ^^^■^H^{IJ') consisting of those ©pg^i^p] /' 
which Sp^{\lp-i]) + qp^i\£p]) = G H^[RP). Then there is a short exact sequence 

^ H^J\b) ^ H,{B) ^ h2\b) ^ 0. 

Proof. First, consider any element of the form ©pg^ 0©rp. This will be a cycle if and only 
if Pp{rp) = for all p. It will be a boundary if there exist H.'^ and such that Ap(^p) = 
and qp{ip) + Sp-.i{i'p_i) + Pp{r'p) = rp for all p. It is straightforward to see that this is 
equivalent to the existence of [£p] G Hs{L'p) satisfying gp^([-^p]) + S'p_i^([£p_;^]) = [rp]. So 

the subgroup of H^{B) generated by cycles of this form will be isomorphic to H^^\b). 

Next, suppose that we are given arbitrary £ = ©pg^ ip G ©pg^ L^, with each ip 
supported in level s. If Ap(^p) = and qp^,{[ip]) + S'p_i^([^p_i]) = G Hs{R^), then there 
is a cycle of the form ©pg^ ip © fp] for in this case, we have qp{ip) + Sp-i{£p-i) = Pp{rp) 
for some rp G supported in level s. Conversely, it is clear that i will need to satisfy 
these conditions for such values of rp to exist. Furthermore, there will exist rp which 
make ©pg^^p © rp a boundary if and only if [ip] = G Hs[L'P) for all p. Hence, the 



or 
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□ 



FB{m) 



quotient of the group of i which extend to a cycle by the subgroup of i which extend to 
a boundary is h'^\b). 
The claim follows easily. 

Now, define a function : |Z — Z by 

fq{m+l) , m G Z 
f{m+\), mel + Z. 

This function can be characterized more directly by 

FbM = GhM + I mei + z, 

where Gb : ^Z ^ Z is characterized by 

Gb{0) = 1, 
GB{m — 1) + 2r](m) for m G Z, 



Let 



Gsim 
Gb ( m + ^ 



1 



(GbM + GB{m + 1)) for xeZ. 



n^g + r,{p)), 

{peZ|FB(p+i)=5+i} 

recalling that we take 0,s{k) to be for A; < 1 and k > 2g — 1. This is easily checked 
to be the direct sum of all the ^^(A;) subgroups of ^^^r^H^^LP). Also, recall from the 
introduction the definition of the well group EI*(F) of a function F : ^Z ^ Z. 

Proposition 8.8. If s is even, we have Hs\b) = Us{B)- If s is odd, we have a short 
exact sequence 

^ n^iB) ^ hP{b) ^ h,(Fb) ^ 0. 

Proof. We work through the case where s is odd. The case where s is even is straight- 
forward, since Qp^ and Sp^ will vanish on Hs{LP) for all p in this case. 

We first tackle the case where ^siB) is trivial. We return to the general case at the 
end. We start by drawing the following diagram: 



Khi 5-1., 




II,{BP} 



Khi 51^ 




?1* 



Kb* 




Notice that the maps qp^ and Sp^ are always surjective, so that every map is an isomor- 
phism. We think of this as a graph, with maps as edges and groups as vertices. In these 
terms, our diagram in its current state has one connected component for each integer p, 
each component with 3 vertices. Now, we alter this diagram. 
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• If s < fq{p), then all three groups in the component containing Hs{BP) are trivial, 
so remove the component. 

• After doing this, if anytime we have two consecutive components remaining, it 
means that Hs{LP) is either isomorphic to Z or to Z©Z. In the former case, this 
means that Hs{LP) /Ker g^^ and Hs{LP) /Ker Sp^ are both canonically isomorphic 
to Hs{LP), and hence to each other. This happens when s > f{p) (in addition to 
s > fqip) and s > fq{p+ 1)); for such values of p, draw an arrow between Im qp^ 
and Im Sp^. 

• Finally, remove any infinite connected components. 

For any element of Hs^ {B) , its summands have to fit into this diagram. That is, each non- 
trivial summand of an element of Hf^{E) lives in some Hs{LP), and hence via quotient 
maps, has two homes on the top half of the diagram; then, if two arrows lead to the same 
summand on the bottom, the elements in front of these two arrows must map to the 
same element on bottom. Indeed, it is easy to see that this is a necessary and sufficient 
for an element of 0pg2 H^{U') to be in the subgroup 

But it is clear, then, that the value in any summand left over is an element of Z, 
if we choose a value in one such summand, this determines the values in any of the 
other summands in the same connected component. We therefore have one Z summand 
for each such component left over. (The reason that we remove any infinite connected 
components is that the purported Z summand for such a component would have only 
elements with an infinite number of non-zero direct summands.) 

Now, let us extract the process for determining the number of components (and hence 
the number of Z summands). Start with an infinite graph with labelled vertices, like so, 

■* • • *' • 

-10 12 3 

Weight vertex p by fq{p), and weight the edge between vertices p and p + 1 hy f{p). 
Then, for a value of s, we simply remove edges and vertices with weight greater than 
s, and then throw out any infinite components; this is essentially the process described 
above, and it yields the same number of connected components. 

To coimt these components, note that each finite run of consecutive non-removed 
vertices corresponds to a disjoint union of finite components of the graph; and the total 
number of finite components will equal the number of such runs, plus the number of 
removed edges between two non-removed vertices. The number of runs is the number of 
wells of fq at level s, and the number of such edges is the number of values of p such 
that f{p) > s> max{fq{p), fq{p + 1)}. 

Finally, we claim that the latter number is the difference between the number of wells 
of fq and the number of wells of at level s. To sec this, we compare the topography 
of fq and Fj3. The graph of the latter is formed by shifting the graph of the former 
to the left by 1, and then adding points {p + ^,f{p+ 1)) for each integer p. We care 
about those new points that disturb a run of points above height s or a run of points 
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below height s. Note that, examining definitions, either f(p) wih be between fq{p) and 
fq{p + 1) inclusive, or it will be strictly greater than both of them. Any point {p, f{p)) 
with p satisfying the first alternative can be ignored; each point with p satisfying the 
latter will be pertinent precisely when f{p) > s and max{/q(p), 1)} < s. It is easy 

to see that each such point contributes a single well of F/s at level s that is not present 
for fq] precisely, such a point either splits a well in two or adds a well to the left or right 
of all previous ones. 

Now, let us look at the case where 0,s(B) is non-trivial. Obviously, this subgroup will 
inject into ^pg^ H^.^U'); and for each page p that has a /c-corner in level s, the quotient 
of by ^s{^) will have a Z © Z summand on that page. 

The group ^s{^) also injects into Hs\b). To calculate the quotient of Hf\B) by 
we pretend, for any page p which has a fc-corner in level s, that Hs{L^) (rather 
than Hs{LP)/Q^{k)) actually was equal to Z©Z, and then to proceed as before. This is 
easily seen to work, and gives the same description as above. □ 



Proposition 8.9. We have 
Proof. For odd s the result is clear, so suppose s is even. Draw the initial diagram 



Z s is even and s > Fq{p) for all p 
otherwise. 



that we drew in the proof of Proposition 8.8 (with groups rather than just vertices) 



and perform the prescribed alterations, except leaving infinite components. (If there 
is a /c-corners on page p, just pretend that as before that Hs{U') were Z © Z.) Each 
remaining group is isomorphic to Z, and we will think of elements of @p^iH^{EP , pp) 
and H^{U') as strings of integers, one for each group remaining in the bottom or 

top, respectively. Of course, in either case we want our strings to contain only a finite 
number of non -zer o elements. 



Proposition 



8.6 



gives Hs^\b) as a quotient of ®p(ziH^{BP , pp). We want to know 



which elements die in this quotient. Combining the statement of Proposition 8.6 and the 
above, we see that the dying elements correspond to strings on the bottom, such that we 
can place a string on the top that satisfies the following: if two arrows point to the same 
group Hs{RP, pp), the sum of the numbers at the tops of the arrows equals the number 
at the bottom. 

Now, it is not hard to see that if our diagram has more than one component (or one 
finite component), then we can do this for any placement of numbers at the bottom of 
the graph. In other words, in this case, H^\b) is trivial. This will happen if and only 
if s < Fsijp) for any p. 

On the other hand, if our diagram is one infinite component, then for any placement 
of numbers on the bottom, we can make a placement of numbers on the top that satisfies 
the condition, if and only if the sum of the numbers on the bottom (with alternating 

signs) is zero. In other words, in this case, the homology class in H^\b) only depends 
on the alternating sum. 
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Proof of Lemma \1.3\ Let to be an /x-torsion Spin'^ structure on Yq, which extends over Wq 
to some s for which 5|y = t(ri, . . . , r„), in the notation of the end of Section 7. We can 

assume that < ri < pi for each £. In this case, let A = {Q; ri, . . . , r„) G AiTx, where 
Q is chosen to make Equations [T] and [2] hold. We want to define 6k '■ -MTk —>■ Spin'^(lo) 
by setting ^^"'^(to) to be [A]. In fact, it is not hard to check that every class in MT k can 
be realized in this manner, starting with some /i-torsion to; and that, if we start with tg 
and end up with A' , then ^ ~ ^4' if and only if to = tg. So we can indeed define 9k by 

0A'([^]) =to. □ 



Proof of Theorem I.4 Let to = G Spin'^(lo) be /i-torsion. Choose a represen- 

tative A = {Q;ri, . . . jTn) G MT k of [A], and construct a book B from the values of 
given at the end of Section 7. Then Fa as given in Section 1.1 is equal to Fq as 
constructed from this book. 

Note that iji'^(e) and Hi''\B) wih never both be n on-trivial for any given value of 
s. Thus, the short exact sequence of Proposition 8.9 splits. Observe that Hs^\b) is 
isomorphic to 7^"^ as a graded abelian group, with bA given as in the statement. Hence, 
we have that the graded group HF ~^(Yn,in) sits in a short exact sequence as stated when 
to is /i-torsion. It is straightforward to check that this isomorphism respects the U action 
as well, by examining all of the above. 

For the claim about the boundedness of Fa, note that this function is the sum of a 
periodic function with period d, and a linear function with slope Si{A) = — .feii^oiiM?!) _ 
Hence, Fa will be bounded precisely when to is torsion. 

For Spin^ structures to that are not /^-torsion, we note that ©at (to) and ©00 (to) will 
both consist entirely of non-torsion Spin'^ structures by Proposition |2.4[ The adjunction 
inequality of pT] works the same in the twisted coefficient setting as it does in the 
untwisted setting. Since the Thurston semi-norms on Y/v and Y will both be trivial, the 
inequality implies that H F+(Ym. 6 iv( in)) (S)Z\T, T'^] and HF+(Y,&r^(in)) (g)Z[r,T-i] 
will both be trivial. Hence, the long exact sequence shows that HF+(Yn,eJ^(tn)) wiU 
be trivial as well. 



Finally, the statement about the action of T follows from Theorem 4.5 via the results 
of this section. □ 



Proof of Corollary 1.5. As we noted, i}^{k) is a torsion-free group. The well groups and 
T"*" are clearly both torsion-free as well, and so the same can be said of HF^(Yq, to) for 
any to. The well groups are in fact free abelian groups, so we have a splitting of the short 



exact sequences of Theorem |1.4| as Z-modules, and it is easy to see that such a splitting 
will respect the [/-action. □ 
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9. Proofs of Theorem 1.1 and Corollary 1.2 

Choose a function p : MT k ^ MT k such that [p{[A])] = [A] for [A] e MTk- We 
start by calculating the number of pairs {[A], x) £ MTk x Z/dZ that satisfy 

(16) e{[A]) = E 
and 

(17) r]p^[A]){x) = D 

for a given pair of integers D, E, with notation as in Section 1 (and x taken to be an 
integer between and d — 1). Let Nq{D, E) denote this number. 

Lemma 9.1. The number Mo{D, E) is independent of the choice of p. 

Proof Let p{[A]) = Ai = {Q;ri, . . . , r„) and p'{[A]) = A2 = (Q'] r[, . . . , r'J. Then there 
is a unique i with < i < d such that = + iqi for all i. Note that for this i, 

f qex - ri \ _ ^ f qi{x + i) -7 

So rjAj^(x) = D 'd and only if rj^^^x + i) = D. The functions r]A are all periodic with 
period d; hence, the solutions to rjA^ix) = D and 77^2(3^) = D are in 1-1 correspondence. 
The total number of solutions therefore does not depend on p. □ 



The argument of Lemma 9.1 also shows that ??p([A])(2^) = D if and only ??yi^(0) = D 
for Ax = {Qx', ri — qix, . . . ,rn — qnx), where ri — qix is replaced with the equivalent 
value mod p£ between and p£ — 1, and Qx is chosen so that [Ax] = [A]. Therefore, the 
pairs ([^],x) that satisfy Equations 16 and 17 are in 1-1 correspondence with elements 

Ae MTk that satisfy 

e{A) = E 

and 

Va{0) = D. 

For A = (Q; ri, . . . , r„) to satisfy these equations means that 
and 



n 



(1.) u.^yj.}-!.,-. 

Given values of r£, the value of Q is then determined by Equation [Tsj it is not hard to 
show that for any values of ri that make Equation [191 the value of Q thus determined 



will be an integer. So, the number Mo{D, E) of solutions {Q; ri, . . . , r^) to Equations 18 



and 19 is the same as the number of solutions (ri, . . . , r„) to Equation 19 
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For each the function i-^ } ^i'^^s a bijection of the possible values of with 
-I — , . . . , I. So, in summation, we have the following. 



Lemma 9.2. The number J\fo{D , E) of solutions to Equations 16 and 11 is the same as 
the number N{D^ E) of solutions (ii, . . . , i„) to 



^=D+- + l-g 
Pe d 

t=i 



with < ie < Pe- 



Proof of Theorem \l.l\ We first look at the case where 5 = 0. Fix a value of i between 
and 5s - 2. If [A] G MT k satisfies e([^]) = i, then Sl{[A]) = which will 

hence be positive. Then, it is clear that every decline that Ea takes between consecutive 
integers will "open" a well, and that all wells opened will eventually be closed. Precisely, 
^p{[A]) ~ ^p{\A]) 9 = 0) s-iid it is not hard to see GpQ^]) takes values in the 

odd integers. Then for each integer x for which -Fp([yi])(a:) < Fp([^])(x — 1), we have 
\ {^p{[A]){x ~ 1) ~ Pp{[A]){x)) wells, the ones whose left sides are at x — 1. 

So, the number of wells encountered per period of -F),([yi]) will be the sum of 
\ {^p{[A]){x ~ 1) ~ Pp{[A]){x)) over those x between and d — 1 (or between any two 
values d — 1 apart) for which it is positive. This is equal to 



1 



max{0,-r/p([^])(x)} = ^-D- #{x|?7p([A])(x) = Z?, < x < d - 1}. 



x=0 D<0 

If we do this for all [A] G MT k for which e([^]) = i, the sum of the values we get will 
be 

Y,-D-N{D,i), 

D<0 

which is equivalent to the stated expression for the g = case. 

For the case of higher genus, we note the effect of adding "spikes" that are g tall at 
half-integers on the number of Z summands. This is best done by inspection, but we 
note the general idea: if g is less than half the difference between FpQyi]-)(x — 1) and 
-FpQ^]')(x), the spike doesn't change the number of wells initiated between x and x — 1; 
if g is greater than half this difference, then the number of wells initiated depends on 
the difference between g + ^ (Fp([yi])(x — 1) + -^p([A])(3^)) a-iid FpQ^])(x) (and the parity 

of g). All told, if ^ (Fp([y^]')(x — 1) — Fp([^])(x)) = D, then the spike will yield 

initiated wells if \D\ < g, and —D initiated wells of D < —g. This count agrees with the 
formula given for Oj. 

The remaining terms, for the 17^(/c) subgroups, are easy to count; the terms contributed 
between x— 1 and x depend precisely on the difference between g+^ (FpQ^]-)(x — 1) + -^p{[A])( 
and Fp(^[j^]'^{x — 1), which equals g + r/pQ^]')(x). An Q^{k) subgroup will be contributed 
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when k = g + r]p{[A])i^)i equivalently when T]p(^[A]){x) = k — g, and the number of times 
this occurs is counted by M{k — g,i). □ 



Proof of Corollary Let (/> : S — > S be a periodic diffeomorphism, whose mapping 
class is of order d. Then there is a representative (/>' of the mapping class of (j) such that 
(/>'"" either has only isolated fixed points or is the identity. Since the mapping torus M{(j)) 
of (j) depends only on its mapping class, we can assume that (j) is such a diffeomorphism, 
and we assume that is not the identity. 

In this case, the quotient of S by the action of is an orbifold and M{(f)) is a 
degree Seifert fibered space with this orbifold has its base. In other words, M{(j)) is 
realized by special surgery on some knot Bg^^^^Op^^q/, and the base orbifold B of the 
Seifert fibration will have underlying surface of genus g, with one cone point of angle |^ 
for each i. These cone points will correspond to the n points fixed by for < i < d: 

more precisely, point i will be fixed by "^i- for integers i. In particular, the number of 
fixed points of </> is the number of i for which -pn = d. This number is just AA(— 1, 1); by 
the Lefschetz fixed point theorem, it also equals A(0). 

We start with the case 5 = 0. The claim for i = is clear from Theorem For 
the claims when z = 1 , it is easy to see that the wells furnished by the proof of Theorem 
|1.1| all belong to different Spin*^ structures. Indeed, there will be one for each structure 
of the form 9k{Q] 0, . . . , 0, d — 1, 0, . . . , 0) for each i with pi = d, and a little algebra 
rules out the possibility of any of these being equal to one another. From this, the other 



claims follow for i = 1 (the last coming from detailed observation of Theorem 1.4). 

For the case when g > 0, the count of Z summands is the same as before; but now, 
for each Z summand, there is also an 0,^{2g — 1) subgroup. Closely examining the proof 



of Theorem 1.4 however, it is not hard to see that the Z summands and ^^{2g — 1) 
subgroups come in pairs each lying in the same relative grading; and in fact, they all 
come about via natural short exact sequences 

^ n3{2g - 1) ^ Z[H\#^3S^ X S^)] ^ Z ^ 0. 

Hence, the identification of the groups still holds up, and the other claims follow as 
before. □ 



We now extend Corollary 1.2 to the third-to-highest level 



Theorem 9.3. Keep notation from Corollary 1.2, and assume that the mapping class 
of (j) is not of order 1 or 2. We have 

HF + (yo,[-2]) = i?^^'^')- 

where A denotes Lefschetz number. If the mapping class is not of order 4, we have in 
addition that the U-action is trivial, each summand lies in a different Spin'^ structure, 
each copy of R is supported in a single relative Z-grading, and T lowers this relative 
grading by 2d{gY, — 1 — i). 
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Proof. This follows along similar lines as Corollary 1.2 We again leave out the case 
where the mapping class of (p is trivial. We also assume that g = 0; the modifications 
for higher genus are exactly as above. 

The number of fixed points of <p"' will be the number of i for which ^ divides n. 
Hence, when n = 2, the Lefschetz number A{(p'^) will be J\f{—1, 1) plus the number of £ 
for which p£ = ^. 

The rank of HF+(Yn,[-2]) will be equal to Eixo •-^(^' 2), where N{D,2) is the 
number of solutions to 

n . 

— = -+!) + 1 



Vi 



d 



for which < ii < pe for all i. If D < (and d ^ 1), the right side will only be positive 
only if Z) = — 1 or if d = 2 and D = —2. Leaving the latter case aside, we see that for 
d ^ 2, the rank is simply AA(— 1, 2), and we calculate this to be 



(A(02)_AA(-1,1)) + 



AA(-1,1) 



A(0') + 



In this case, a little algebra shows that the only time that different wells furnished 
by the proof of Theorem |1.1| land in the same Spin'^ structure is when cp is isotopic to 
a diffeomorphism of order 4 with two fixed points, for which cp'^ has an odd number of 
fixed points. This case and the case of (p of order 1 or 2 aside, the other claims follow 
again. □ 

10. Sample Calculations 

We give an example. Let K = 02,i#07,3#Oi4,i C Y = L(2, 1)#L(7, 3)#L(14, 1), 
as depicted in Figure 7. Surgery on K with coefficient —1 gives the same manifold as 
0-surgery on the (2,7) torus knot. 



K 



-2 -I -14 



Figure 7. The knot K = 02,i#07,3#Oi4,i. 



So, {pi,qi) = (2,1), {p2,q2) = (7,3), (p3,93) = (14,1). It is easy to see that the set //Tr- 
of ;U-torsion structures in Spin'^(yo) consists of ^x([^]) for where A = (Q; 0, 0, i) G ATk 
for Q G Z and i = 0,1, . . . , 13. 
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Let us look at the case of Aq = (Q; 0,0,0) in depth. Using the process described in 
the introduction, we graph the function Faq for Q = —2, —1,0. The knot K is of order 
14 in Hi(Y), so these functions will all be the sum of linear functions plus functions 
that are periodic of period 14. We show the graphs of each function over two periods 
in Figure 8. It is clear that of these three, only the graph of possesses any wells. 
In fact, since F^g will be gotten from -Fa_i by adding a linear function whose slope 
depends on Q, it is easy to see that Fa_q will have no wells for any other value of Q G Z. 

We can identify the wells in the function for Q = —1: there will be one at each height 
1 + 4n for n G Z, each having trivial ^7-action. So, there is an absolute lift of the relative 
Z-grading on HF + {Yq, eK{[A^i])), so that 

HF+ (yo,^i^([A-i])) = Z(i)0Z[r(4),r-J], 

where T(4) takes a well to the corresponding well one period to the right and raises 

Z-grading by 4. We see that -14 • S£{A_i) = -4 = (ci(to), [dS]). 

The elements A = {Q; 0, 0, i) for the other values of i admit a similar analysis. All told, 
we end up with five elements t G Spin'^(yo) for which HF^(Yq, i) is nontrivial. We label 
these as t4, i2, to, i-2, and t-4, where (ci(ti), [dS]) = i. Let T^^^ ^ Z[[/~i]/C/-n • Z[U-^ 
as Z[?7] modules, graded so that C/~* lies in level s + 2i for <i < n (so that the bottom 
degree non-trivial elements live in level s). Then, there is a lift of the relative-grading 
on HF~^(Yn, U) for which 

7:i_,.®z[r(_4),rriJ i = 4 



T(i_,)®z[r(„2),T-y i = 2 
5DZ[r(o),ro|])©r+ i = o 



^-L-(UJ,-(o)J; ^ -(4) 

7^i_,)0Z[r(2),T-J] i = -2 

ri_,.®z[r(4),r(-;] i = -4. 



^^L-^(4j,-^(4). 

where U lowers the grading by 2, and all the groups have trivial U action except for the 
one for to. Forgetting about relative Z-gradings, this can be summarized as saying that 

HF+(Yn) ^ HF+{Yo) Z[r,T~^] 



in light of Proposition 8.1 of [S 



10.1. Higher genus. Now, let Kg be the connect sum of K with Bg for some > 0, as 
depicted in Figure 9. The functions that we need to compute for each value of ^ G AdTxg 
are the same as the ones for the corresponding value A G MT k (as MT Kg = -MT k as 
sets), except with g added at each half-integer value of x. 

We just look at the case where A = (—1; 0,0,0) for varying values of g. Figures 10 
and 11 shows graphs of Fa for g = 1 and g = 2, respectively. For Yq = Yq{Ki), we have 
a short exact sequence 

- ((oHi))(i) © (f^Hi))(3) © (^^Hi))(5)) ©z[r(4),r(-J] 
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^ HF+ iYoiK^),eKAm ^ (C^')(5) © '7^7) © '^(9)) ® ^[?^(4), ^ 0. 

The T* summands arc found just as they are before. As for the 0,^{k) subgroups, we have 
g = 1, and is non-trivial only when k = 1. So, we look for half-integral x between 

and 14 for which. Fa{x) — Fa{x — ^) = 1, and for each such Fa{x) — 1 gives the grading 
of the summand. The values of x that we find are x = 5, |, |, |, ^, ^, ^, ^, ^; we 
have Fa{^) — 1 = 3, Fa{^) — 1 = 5, and Fa(x) — 1 = 1 for the other eight values of x. 
In the case where 5 = 2, we similarly find the sequence 

((^'(2))(2) ® (^'(3))(3) ® (^'(2))(4) © (^'(3))(5) © (^^'(2))(6) © (^^'(3))(7) © (J)2(l))^^^)®Z[r(4),r(-. 
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1 14 HI US 



Figure 8. The graphs of the functions Fa where A = (-2; 0, 0, 0) (top), 
A = (-1; 0,0,0) (right) and A = (0; 0,0,0) (bottom). Only when A = 
(—1; 0,0,0) does Fa have any wehs, which correspond to finite intervals 
where the graph runs below any of the horizontal lines (which are placed 
just above odd integers). 




Figure 11. The graph of the function Fa when A = (0; 0, 0, 0) G MT 
We highhght the portion of the graph corresponding to a well w at height 
7, on which U acts non-trivially: Uw is equal to the sum of nine wells at 
height 5. 



11. Appendix 

We now return to some results from Section 2 whose proofs are fairly straightforward, 
but somewhat technical. 

Take an oriented, rationally nuUhomologous knot K d Y . We want to shift to a 
concrete setting to talk about algebraic topology issues more clearly. So, present Y as 
surgery on a framed link L C 5^; this also serves as a Kir by diagram for a 2-handlebody 
Uoo with boundary Y . Order the components of the link, and assign each an orientation; 
call the linking matrix Goo- This specifies a basis for H2{Uoo), with respect to which the 
intersection form is just Goo- To be precise, the basis is given by taking oreinted Seifert 
surfaces for the link components pushed into the interior of Uoo, and then capped off. 

We can represent K as an extra component on this link, which comes equipped with 
orientation; the implicit framing A will be some integer, which we call Iq. Let K^n be 
K with framing Iq + N. The framed link Lj\f = L U Kj^i\f is a Kirby diagram for a 
handlebody Un with boundary Yn (allowing = 0, of course). Again, H2(Un) has a 
canonical ordered basis, with respect to which the intersection form on C/at is equal to 
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the linking matrix Gjv of Ljv- Written in block form, we have 

k \ 



Gn 




N 



Gqn 



where the last row and column correspond to the component -ST+at- Note that f/jv = 
Uoo Uy Wn. 

We form another 2-handlebody as follows. To Lq, add a 0-framed meridian to K, 

and an A^- framed meridian of the 0-framcd meridian; call this link Lqn^ the represented 
2-handlebody Uqn, and the linking matrix Gqat. Ordering and orienting the components 
of Loiv, we have 

/Goo k \ 
k^ h I 
10 1 
V 1 iV / 

It is not hard to see that, in fact, the cobordism Xap^ of Section 2.5, when glued 
to a tubular neighborhood of a sphere with self intersection N along L{N, 1), gives a 
cobordism Wqm such that Uqn = Uq Uyjj Wqn- We define (3oAr(to) C Spin'^(WoAr) to be 
those structures whose first Chern class evaluates to N on this sphere. Then, of course, 
SAr(to) can be described as the restrictions of ©oAf(to) C Spin'^(VFoAr) to Yj^. 

We denote elements of second homology and cohomology of [/* by vectors and cov- 
ectors respectively (where denotes any of C/qo, Un^ and Uon), so that evaluation of a 
cohomology class on a homology class is given by the normal dot product. We also de- 
note elements of H'^{U^,,dU^) by covectors, so that the Poincare dual of {a)u^ G H2{U^) 
is just {a'^)u^^Qu^. We will use the same notation for the corresponding cohomology 
groups with rational coefficients. In the long exact cohomology sequence for [U^,dU^), 
we have 

(20) H^{U^,dU^) ^ H^{U^) ^ H^idU^) ^ 0, 

with the first map given in terms of our bases by right multiplication by G*. We often 
write elements of H'^{Yn) as h = (6 ^, c);/^ |y^, so as to cooperate with the block form 
expression of Gat. 

Since all the handlebodies arc simply-connected, the Spin'^ structures on each can 
be identified via the first Chern class with characteristic covectors of the corresponding 
matrices (i.e., covectors whose i^^ component is congruent mod 2 to the i^^ diagonal entry 
of the matrix) . We denote the Spin'^ structures by {a'^)ij^ so that ci((a '^);7, ) = (a "^)(/, . 
(In general, angle brackets will be used to signify that we are talking about a Spin'^ 
structure rather than a cohomology class.) 

The restriction maps Spin'^(i7*) — Spin^{dU^), Spin^(?7jv) — Spin^(W7v), and Spin'^(?7oAr) 
Spin'^(TyoAf) are all surjections, and the restriction maps are all equivariant with respect 
to the action of H^{U^) (acting on the targets via the restriction maps). It follows 
that every Spin*^ structure on or can be specified as the restriction of one on 
some [/*, and, identifying Spin'^([/*) with Char(G*), that we can view Spin'^(5i7*) as 
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Char(G*)/2 • ImG*. (The same can be said with Spin'^ structures replaced by elements 
of second cohomology.) 

It is not hard to see that Uqn is diffeomorphic to Un^S, with S denoting either 
CP2#CF or 52 X 52 ; the handleslidcs necessary to realize this arc shown in Figure 12. 
We can also perform all the same moves if we bracket the framings for all but the two 
meridians shown in Figure 12a, which would depict Won- We can see a spanning disk for 
the A^-framcd component in —Yq in Figure 12d, since this component is unlinked from 
the link of bracketed components; gluing this to the core of the corresponding handle 
gives a distinguished sphere V embedded in Wqn- 

Now, we can describe the sets mentioned at the beginning of Section 2.4. 

Proposition 11.1. Suppose to = (b ,c)uJyo S Spin'^(Yo). Then we have 

6oJv(to) = {{b^,c+2iN,2j,N)u,Jw,^\i,j e Z}, 

&N{io) = {{b^,c+{2i-l)N)ujYr,\ie^}, 
6iVoo(io) = {{b^ + 2ik^,c + 2iIo + {2j -l)N)uJw^\i,j eZ}, 

and 

©oo(to) = {{b^ + 2ik ^)c/^|y|i gZ}. 
In particular, 6oo(to) is independent of N. 

Proof. The first claim is clear. The second claim follows by looking at the preimage of 
(to) under the restriction map induced by the inclusion Yq ^ Uq Uqn. We must 
have the last component equal to N since structures in 6oAr(to) have specified evaluation 
on V, and it is not hard to see that all rows of the matrix Gqjv besides the last two vanish 
in H^iWoN). 

The fourth claim follows from the third similarly, and the fifth follows straightfor- 
wardly from the fourth. To identify the restriction of ©oat (to) to Spin'^(Yiv), we perform 

the change of basis corresponding to the moves shown in Figure 12. In terms of the 
new basis, where the last three components correspond respectively to the Iq + A'^-, 
Iq-, and 0-framed components, ci ((6 ^, c + 2iN, 2j, N)uqj^ \ Won) ^i^l be written as (b^ — 
2jk ^,c — 2jIo + {2i — 1)N, c + 2iN, 2j). The first two components give the restriction 
of this to H'^{Uj\f), and the third claim follows straightforwardly from this after noting 
that {k^,Io)ujYj, = {0^,-N)uJy^. □ 

Let us explicitly identify some (co)homology classes. Wc may choose a surface P in 
Uoo with dP = K (i.e., a "pushcd-in" Scifcrt surface), so that {k)ij^^Qij^ represents P 
in H2{U(x>,dUoo)- Let us also choose a Seifert surface dS ioi d ■ K in Y, where d is the 
order of K in Hi{Y). Gluing —dS to d - P yields a class of i?2(t^oo; Choose some 
iPo)uoo ^ -f^2(C^oo;Q) so that Si = {dpo)uoo- This choice must satisfy GooPo = k. 
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(d) 

Figure 12. We start with the diagram for X^, and then we handleshde 
all of the components linking the /o-framed knot over the 0-framed un- 
knot, so that afterward this unknot is the only component that the Iq- 
framed knot links with. We then handleslide the A^- framed unknot over 
the iQ-hamed knot, turning the unknot into an Iq + N framed knot of 
the same type. Finally, we handle slide the Iq + A^-framed knot over the 
0-framed component enough times to unlink it from the /o-fra™ed knot. 
We are left with the Kirby diagram for X]\i together with a knot with a 
0-framed meridian, which presents Xjy^CF'^ifCP'^ or XnH'S'^ x S"^ . 



We can also glue P to F, recalling that the latter is the core of the 2-handle of Wn- 
The resulting class will be the oriented generator of H2{Uj\f) corresponding to the link 
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component K, and so it will be written as 

*? ) G H2{Un). 

Now choose dF to be d • F glued to dS\ it follows that if : ff2(^Af) — *■ H2{U]\f) is 
induced by inclusion, 



i* [dF] 



30 

We will also need to identify PD[F]|vi/jv think of F as a generator of H2{W]\f, Y), 
so its dual technically lives in ff^(WAr, Yat)). To find this, we take advantage of the 
commutative diagram 

H2{Wn) = H\WN,dWN) H\Wn) 

H2{Un) = H\UN,dUN) ^ H\Un) 

where the isomorphisms are from Poincare duality and the other maps are induced from 
inclusions. (The claimed commutativity is not quite as obvious as obvious as it seems, but 

is a reasonable exercise in diagram chasing.) Given this, it follows that (vD[dF]^ = 
(O '^,(i(/o — Po^GooPo + -^))(/ \wnj since j^^ is represented by multiplication hy Gn- 



N 



It is easy to see that {dk ,dpQ' GcxiPo)un\wm — 0' noting that {dk , dpo' G coPo , 
j^^ (PD[5i]) and that PD[5i] restricts to the trivial element of H^iWN, Y^) = Z. Hence 

(PD[dF]^ can also be written as (^dk '^,d{Io + A^))^^^!^^^^) ^-nd so at least up to 
torsion, 

(21) FB[F]\wr, = ik^,Io + N)uJwM- 

That this actually holds precisely follows from the fact that it restricts to PD[X] in 
-ff^(y), and the kernel of H'^{Wiy) H^(Y) contains no nontrivial torsion elements. 
Now, let us note the following facts. 

Lemma 11.2. The term k is equal to Iq—Pq" GooPq, and is independent of the particular 
choice of pq. The longitude Nfi + \ is special if and only if k = —N. The order of 
in Hi{Yq) is d\K\. The element {b'^,c)u^ of H'^{Un) restricts to a torsion element of 
H^{Yn) if and only if {b '^)ucx,\y is torsion and either k / —N or c = b ^ ■ po for any 
choice of Pq. 

Proof. All of these follow from straightforward matrix algebra, using the long exact 
sequence ( [2o| . Note that if k = — A^, then the quantity c — b^-po = ((6 c)uj^\wn^ [dF]) 
depends only on (? c)f/j^|yj^. □ 



Proof of Proposition p75| Straightforward, utilizing Proposition 11.1 and Lemma 11.2 



□ 



72 EVAN FINK 

We now describe how to compute squares of elements of H'^{W'j^); we first compute 
[dFf. 



Proof of Proposition 2.1 . We can square elements of -ff2(W^Af ) using the intersection form 
on C/at, since Wjq is a submanifold oiUfq. Using our identification of \dF\ from above, we 
compute that [dF]^ = d{^-dk po + d{Io + N)) = d'^{K + N). Hence [dFf = -d^{K + N) 
in H2iyV']^), due to the reversal of orientation. □ 

Next, we compute squares of general boundary-torsion elements of H'^{Wi\]) and 
/f2(VFj^).j)enote by a the inclusion of PD[dF] G H'^{WN,dWN) into H'^{Wn), a = 
j^^(PD[dF]). Then of course = d^{K + N). 

We will also need to know the evaluation (a, [d-F]). According to the diagram a equals 
(PD[i,([dF])])). Thus, 



MdF]) = {fu^{mu{[dF])])M[dF])) = [{-dp,^,d).GN) • ( ^=d\K + N). 

By the universal coefficients theorem, we have that 

F2(VFjv)/Torsion^Hom(F2(W7v),Z) ^ Rom{H2{Y),Z) ®Rom{Z ■ [dF],Z). 

Recalling the map j : H^{Wn;I^) ^ H^{dWN;I^) ^ H^{dWN]Q), if G Ker j and 
{(p, [dF]) = i, it then follows that (p = ^2 (k+n) ^ Wat) /Torsion since elements of 

Ker j evaluate trivially on F2(y). So (p^ = ( ^2(^VjV) ) '^^(^ + ^) = rf2(^+jv) - 

By excision and the long exact sequence of (C/at, VFat), the restriction map i* : H'^{Un) — 
-H'^(^Af) is surjective, and of course ((6 ^, c);/^^ , = {i* [(b ,c)u^) , [dF]). These 

facts, together with the above, allow us to compute the square of any element in H'^(Wn). 
Of course, squaring elements of H'^{Wj^) is exactly the same, except that every 

Poincare dual gets a minus sign. So we arrive at the value — for the square of 

the class (b ,c)u^\\y^. Since the evaluation of this class on any lift [dF'] is equal to 
d{c — b '^po), we have the following. 

Lemma 11.3. The square of a & Ker j C H'^{W^) is given by 



Nl 

2 



2 



a 



{{a,[dF])) 



d'^{K + N) 

(recall that j is the composition of obvious maps H^{W'j^; Z) H'^{dW'j^; Z) — > H'^{dW'j^; 



Proof of Proposition 2.9 Let to = (6 ^, c)(7(,|yQ, and set = (6 c + {2i — l)N)u^]y^t^ 
and = s'j^Wm- 
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We want to compute 5x+(tjv)- Note that we have 



-iV, 



c-b'^po + (2i - 1)A^. 



Therefore, the function QkU-,^ 



N) 



d 

when 

-b^PQ + {2i-l)N 



2N 



and so Si^+(tV) = 5^ + LiJPD[^']l 



Now, 



i + 



- b '^po 
2N 



and for large N this will just equal i — 1. So, 

5K+m = {b^ -2{i-l)k^,c-2{i-l)Io + N)uJw'^. 

Also, PD [F'] I ^yj^ is represented by ( — A; ^ , — (/q + A^) ) | vk^;^ , where we pick up a negative 
sign from (21 1 since we are taking duals with respect to the orientation of Wj^; hence, 

5K+m + PD[F'] = {b^-2ik^,c- 
Therefore, we can just use Lemma |11.3| to compute 



; ori 

2iIo-N)uJw' 



QK (sK+(t5v)) 



ci[5K+it%)+mF']\w' 



i (sA'+(4)) 



b^Po- 



Notice that this value is independent of t^. In fact, it is not hard to see that there is a 
Seifert surface dS for dK^ which can be capped off in Yq to give a surface dS^ which will 
be represented by 

dpQ 
-d 



Uo 



Yo 



and so 



(ci(to),[^5]) 
d 



-{c-b ^po) 



which completes the proof. □ 



References 



[1] R. Gautschi. Floer homology of algebraically finite mapping classes. J. Symplectic Geom. 1(4): 
715-765, 2003. 

[2] M. Hutchings. An index inequality for embedded pseudoholomorphic curves in symplectizations. J. 

Eur. Math. Soc. 4(4):313-361, 2002. 
[3] S. Jabuka, T. Mark. On the Heegaard Floer homology of a surface times a circle. Adv. Math. 218(3): 

728-761, 2008. 

[4] S. Jabuka, T. Mark. Product formulae for Ozsvth-Szab 4-manifold invariants. Geom. Topol. 12(3): 
1557-1651, 2008. 



74 



EVAN FINK 



[5] T. Mrowka, P. Ozsvath, B. Yu. Seiberg-Witten monopoles on Seifert fibered spaces. Comm. Anal. 

Geom. 5(4): 685-791, 1997. 
[6] A. Nemethi. Graded roots and singularities. Singularities in geometry and topology, 394-463, World 

Sci. Publ., Hackensack, NJ, 2007. 
[7] Y. Ni. Non-separating spheres and twisted Heegaard Floer homology. arXiv:0902.4034, 2009. 
[8] P. Ozsvath, Z. Szabo. Absolutely graded Floer homologies and intersection forms for four-manifolds 

with boundary. Adv. Math. 173(2):179-261, 2003. 
[9] P. Ozsvath, Z. Szabo. On the Floer homology of plumbed three-manifolds. Geom. Topol. 7: 185-224, 

2003. 

[10] P. Ozsvath, Z. Szabo. Holomorphic disks and knot invariants. Adv. Math. 186(1):58-116, 2004. 
[11] P. Ozsvath, Z. Szabo. Holomorphic disks and three-manifold invariants: properties and applications. 

Ann. of Math. (2) 159(3), 1159-1245, 2004. 
[12] P. Ozsvath, Z. Szabo. Holomorphic disks and topological invariants for closed three-manifolds. Ann. 

of Math. (2) 159(3):1027-1158, 2004. 

[13] P. Ozsvath, Z. Szabo. Holomorphic disks and link invariants. |math/Q512286| 2005. 

[14] P. Ozsvath, Z. Szabo. Knot Floer homology and rational surgeries. math.GT/0504404, 2005. 

[15] P. Ozsvath, Z. Szabo. On the Heegaard Floer homology of branched double-covers. Adv. Math. 

194(l):l-33, 2005. 

[16] P. Ozsvath, Z. Szabo. Holomorphic triangles and invariants for smooth four-manifolds. Adv. Math. 
202(2) :326-400, 2006. 

[17] P. Ozsvath, Z. Szabo. Knot Floer homology and integer surgeries. Algebr. Geom. Topol. 8(1):101- 
153, 2008. 

[18] J. Rasmussen. Floer homology and knot complements. math.GT/0306378, 2003. 
[19] P. Scott. The geometries of 3-Manifolds. Bull. London Math. Soc. 15(5):401-487, 1983. 
[20] Z. Wu. Pertrubed Floer Homology of Some Fibered Three Manifolds. Algebr. Geom. Topol. 9(1):337- 
350, 2008. 

[21] Z. Wu. Pertrubed Floer Homology of Some Fibered Three Manifolds H. arXiv:0903.0196| 2009. 



Department of Mathematics, Columbia University, New York, NY 10027 
E-mail address: fink@math.columbia.edu 



